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Further Remarks on Global Stabilization of Generalized Triangular
Systems

Sergey Dashkovskiy and Svyatoslav S. Pavlichkov

Abstract— We remove the assumption on C” - smoothness
from the main theorem in work [7] and show how to modify
the argument from [7] in order to obtain the same result on
global asymptotical stabilization when the dynamics satisfies the
local Lipschitz condition in general and is of class C* around
the equilibrium only.

[. INTRODUCTION

His work is motivated by the issue of global backstep-

ping design and constructing global asymptotic stabiliz-
ers for the case of singular input-output “interconnections”,
when a control system has a triangular form ( [4], [5])

{

but is not feedback lineairzable, which means (see [3]) that
the condition | aiﬁl\ # 0 does not necessarily hold true.
This can occur even in quite simple cases, for instance, if
one deals with polynomial forms. In work [1], the problem of
feedback triangulation was investigated under the assumption
that the set of regular points is open and dense in the state
space. Furthermore, in [2], the problem of local stabilization

was investigated under the assumption that one of the charac-
" fi(z")
€T

d:i:fi(t,xl,...,xi+1), i:1,...,V—1;

jjy = fl/(t7x17 ...7IV,U)7

teristic numbers

—, k=1,2,... is different from zero
at the equilibrum p(l)i%t for each 1 1,...,v, and, in [8]
global stabilization was obtained when f; (¢, z1, ..., z;,-) are
surjections and satisfy some additional “growth conditions”
- see A3, (i), (i) and (iii). This led to the concept of
the so-called “generalized triangular form”, when the only
assumption is that f;(¢, 21, ..., 2;,+) is a surjection (and x;,
u are vectors not necessarily of the same dimension). For
this general case, the problem of global robust controllability
was completely solved in [6] and the global asymptotic
stabilization was obtained in [7].

In the current paper, we want to explain how to remove
some assumptions on smoothness of f; imposed in [7]. Let
us remark that in many applications the right-hand side
appears to be non-smooth. On the other hand, the C" -
smoothness was essential even in the classical backstepping
and feedback linearization theory, therefore, when dealing
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with the generalized triangular form it is an interesting
problem to remove this assumption on smoothness.

II. MAIN RESULT

We consider the following system
&= f(t,z,u), (D

where u € R™ = R™»+1 is the control, z = [z1, ..., 2,]” €
R™ are the states with z; € R™, m; < m;y1, n = my +
...+ m,, function f has the triangular form

fl(tyxlaxQ)
fa(t, x1, 2, 23)

[t m,u) = 2

fV(t7x17 “’7371/7”)

with f;(t, z1,...,z;+1) € R™, and the system satisfies the

following assumptions:

(A1) (8 feCRXR"xR™;R"),and f(t +T,z,u) =
f(t,z,u) for all [t,z,u] € R x R™ x R™ with some
T > 0;
(b) f satisfies the local Lipschitz condition w.r.t. the
states and controls, i.e., for every compact set K C
R"™ x R™ there is Lx > 0 such that, for every

(x',u') € K and every (z2,us) € K we obtain

|f(t,:v1,u1)—f(t, x2,’LL2)‘SLK(|(E1—.’E2|+|U1—U2D
for all ¢ € [0,7]

(c) f is of class C1(E;R™), where E C R x R™ x
R™ is some small open neighborhood of the set R x
{[0,0]} C R x R™ x R™.
filt, @y, ooy 2y, RMi+1) =R for each
[t, 21, ., | €E[0, TIxR™ x ... xR™i, i=1, ..., 1.
there exist z;€R™, 1<i<y, and u*=x; ; in R™
such that rank 6232'1 (t, ], ...,z ) = m,; for every
t€[0,7],i=1,...,v, and such that f(¢,z*,u*) =0
for all t € [0, 7.

The goal of the current paper is to prove that the main
result of [7] still holds true if we replace Assumtions Al-
A3 from [7] with the above Assumptions (A1)-(A3) (the
difference is in Assumption (A1): in work [7], it is assumed
that f is of class C'" (instead of the current (A1(b),(c))) and
T -periodic in time, which is much more restrictive than our
current Assumption (Al). More specifically, we prove the
following Theorem:

Theorem 1 Suppose that system (1) satisfies the above
conditions (Al)-(A3). Then system (1) is globally asymptoti-
cally stabilizable by means of a C™ time-varying T-periodic

(A2)

(A3)
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feedback law, i.e., there exists a feedback law u(t, x) of class
C*(R x R™;R™) such that u(t + T,z) = u(t,x) for all
[t,2] € RxR"™ and u(t,z*) = u* for all t € R, and such
that the equilibrium point x* is globally asymptotically stable
Sor system (1) with uw = u(t, x).

Finally, let us compare our class with that considered
in [9]. The latter (in particular) satisfies Condition 1.1
(A.1) from [9] (see also inclusion (1.2) from [9]), which
automatically implies our Assumption (A2). Furthermore our
class in not necessarily SISO (z; and w can be vectors) and
our dynamics is not necessarily of class C*° as in [9]. In
this sense, our generalized TF defined by our Assumptions
(A1), (A2) is an extension of the class considered in [9] (as
well as an extension of the classes considered in [1], [2],
[4], [5], [8]). On the other hand, our equilibrium point the
systems should be stabilized to is assumed to be regular (see

our Assumption (A3)), while in [9] only Zzft 2 0 with
it+1

some odd g; is required.

ITI. GLOBAL BACKSTEPPING IN THE SINGULAR
CASE

In this paper, we keep all the notation from work [7].
Following [7], we take any p in {0,...,v—1}, and put k :=
my+...+mp, if p>1,and & = 0 if p = 0. Similarly
for yo € RFF™r+1 o € R™»+1, and r > 0, we denote by
B,.(yo) the open ball

Br(yo) == {y € R¥™t1 | [y — yo| <1}
and by B,(yo) the closed ball
Bi(yo) := {y € RM™ | |y —yo| <7}

By || - || we denote the matrix norm in RM*¥ with any
finite M and N (it will be clear from the context which
dimensions M and N are considered). Then, following [7],
we consider a control system

2=g(t, 2, 2pt1), teR 3)

with states z = [z1,...,2,]' € RF, where z; € R™,
t=1,...,p, p > 1 and controls z,;; € R™»+! and its
dynamical extension

y = w(tvya U)7
]T

teR “)

with states y = [z,2p11) € RFF™r+1 and controls
veR™»+2 where ¥(t,y,v) = ¥(t, 2, zp+1, v) has the form

1/1(157 Y, 1}) = [g(t> y)a gp+l(ta Y, v)]T

for all [t, Y, U] € R x RFtmpt+1 « RMp+2 (5)

with g, ER™+1.

As well as in [7], for the case p=0, we say, by definition
that (3) is empty and y = zp41 = 215 ¥({,y,v)
gpt1(t,y,v) = ¢1(t,z1,v) with v € R™ and that 2;
g1(t, 21, z2) with states z; = y and controls zo = v is the
extension of the empty system (3).

In contrast to [7], we do not require the dynamics to be
smooth, it suffices to require the dynamics to satisfy the local
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Lipschitz condition w.r.t. states and controls and to be of
class C'! in some small neighborhood of the equilibrium only.
More specifically, we assume that:
Bl: (a) ¥(t,y,v) is a T— periodic function with 7" > 0
(i.e., there is T > 0 such that ¢ (¢t+T, y,v) = ¥ (¢, y, v)
for all [¢,y,v] in R x RFF™e+1+mpt2): and (¢, y, v)
is of class C'(R x REFmp+1tmprz, Rh+mp1),
(b) v satisfies the local Lipschitz condition w.r.t. y and
v, i.e., for each compact set K C R x RFtmpt1+mp+2
there exists Lx > 0 such that

[Y(t,y1,v1) —(t, y2,v2)| < L (lyr —y2| +|v1 —v2l)
for all [t,y1,v1] € K [t,y2,v2) € K

(¢) ¢ is of class C'(D; R "r+1), where D C R x
RFmp+1tmet2 is some open neighborhood of the set
R x {[07 Oa 0]} CRx Rk+mp+1+mp+2'

B2: gpt1(t,y,R™»+2) = R™+ for every [t,y] €
[0, T]xRF+tmp+1,
B3: For every t € R, we have: 9(¢,0,0) = 0; and

961 (£,0,0) = mp 1.

(note that, since ¢ is T - periodic, without loss of
generality it can be assumed that D = D; := R x {[y,v] €
RF+mMpt1tmos2 |yl 4 |v| < 7} in Condition B1(b))

Following [7], we consider the following Lyapunov func-
tions

rank

Vp(2) = (2, 2) and Vp11(y) := (¥, y) = (2, 2) +(2p+1, Zp+1)

for systems (3) and (4) respectively.

Our modification of the backstepping procedure proposed
in [7] is as follows:

Theorem 2. Let systems (3) and (4) satisfy Assumptions
B1-B3. Assume that for A > (0 there exist sequences
{rq};’;CR and {pq ;:OTCR such that 0 < pg < rgp1 <
Pg+1, for all geN; with rq—-+00, pg—+00 as g—oo, and
the following conditions hold
Cl: %sz)g(t,z,()) < —A\V,(2) whenever |z|*> < r3, z €
Rg, te[0,T]

C2: For every 2€RF, and every t,€[0,T] if |20|°<r2,,
with some q € N then
t—to

T

fO}" all te [to,t0+T].

2

|Z(tat03 ZO; 0)|2 < p(21+2 - q+2

(p p2);

Then, there exist qo>0 (qo€Z), positive real num-
bers 1, To, ..., T—q,, a Sequence of positive real num-
bers {R‘I}si—qo—l and a feedback control v(-,-) of class
C®(R x RFtmMo+1; RMe+2) such that 0 < R, < rg41 <
Rytq, for all ¢ > —qo — 1, q € Z and such that

Q) v(T+t,y)=v(t,y) for all [t,y] in RxRF+tme+1 and

v(t,0)=0€R™»+2 for all teR.

(ii) For every teR, and every y=|z,zp41]" in B,_, (0),

we have

WVpi1 (y)

A
ay 1/’(@%”(@2/)) S 7§Vp+1(y)
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(iii) For every yo€RFT™»+1 and every ty € R if |yo|® <
7"3” with some q > —qo — 1, q € Z then

t—
|y(t,t0,y0,1}(', ))l < Rq+2 (Rq+2 R3)7

forall te [to, to-f—T]

As well as in [7], if p=0, i.e., system (3) is empty, then
we say that for any A > 0 Cl, C2 hold by definition, and
the Theorem states that, for the corresponding extension (4),
there is a control v(-,-) such that Conditions (i), (ii) and (iii)
hold.

It is straightforward that Theorem 1 follows from Theo-
rem 2. Without loss of generality we assume that z* = 0,
u* = (. Take any A > 0. Then, for p = 0, Theorem 2 yields
the existence of a smooth T-periodic feedback zo = (¢, x1)
which stabilizes globally the system &1 = f1(¢,z1, z2). Then
we put z1 1= x1, 29 := x2 — a(t,x1), and g1(t, 21, 22) =
fi(t, z1, 22 + a(t, 21)), and apply Theorem 2 with p = 1.
Then, applying Theorem 2 from p = 0,1,...,v — 1, we
obtain Theorem 1.

)

IV. PROOF OF THEOREM 2

Let us show how to modify Step 1 of the proof of Theorem
3.1 from [7] in order to prove our Theorem 2. We first prove
Theorem 2 for p > 1 and then we explain how to modify
the argument for p = 0 (it becomes simpler in comparison
with the case p > 1).

Suppose conditions C1, C2 hold with some A > 0.

Let us prove the existence of r €]0, p1[ and §(-, -) of class

C>(RxBa,(0); R™»+2) such that

= B(t,y) for all teR, ycR*Tmr+1
(6)

B(t,0) = 0; B(t+T,y)
and such that

OWVps1(y)

A

for all y = [2,2,41] € B2-(0), t € R,
ie.,

2<Z7 g(t, Z, Zp+1)>+2<zp+l7 gp+1(t7 Zy Zp+1, 6(t7 Z, Zp+1))> S

3 <Zp+1a Zp+1>

for all y = [z,2p4+1] € B2-(0), t € R. (7
Indeed, by condition C1 of Theorem 2, the derivative of

Vp+1 along the trajectories of (4) is as follows:
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dVp+1 OVpt1
= t
o 9y Y(t,y,v)
= 2<ng(t,Z;Zp+1)>+2<zp+lagp+1(tvzazp+1av))
= 2(z,9(t,2,0))+2(z,g(t, 2, 2p41)—9(t, 2,0))
+ 2<zp+1agp+l(t7zazp+17v)>
1
ag(t
< Mz 2)42(z, /Mda Zpi1)
) 3zp+1
+ 2<zp+17gp+1(t7yav)> = _/\<sz>
+ 2<Zp+1vgp+1(tvyvv) +J*(tazvzp+1)z>a
whenever |z|2<r3, 2R, [t, 2, 2,41]€D,(8)
where
/ 0
(t,
J(t, 2, 2p41) / 9(t, 2, Uzpﬂ)da, [t, 2, zp1]€D,
) 9zp11
©))
and the asterisk means “transposed”.
For every ;1 > 0, t € R, define:
(1) := [Bo (1), 46 (1), (10)

where ¢y (t) in R™+2%% and ¢} (t) in R™p+2X™pt1 are
given by

0gp+1(t,0,0,0)

_ * T8gy11(t,0,0,0
¢>5<t>:=—< a ) x{ p11(6.0.0,0)
0gp+1(£,0,0,00\ "1 " [9gp11(£,0,0,0) .
< ov 0z +77(8,0,0)
1)

(
8gp+1(t7 Oa 07 O)

(

m

0 1

Mp4+1 XMp41—

T

o

0gp+1(t,0,0,0)

o= (

{6gp+1(t, 0,0,0)

Ov ov
t,0,0,0
8gp+1(a s Uy ) (12)
zp41
Then ®f(-) is T - periodic and of class
C(R;R™+2x(k+mp1)) - Given p>0 and >0, find

any T - periodic function ®%(-)=[@}(t), ¢ (t)] of class

C>(R; Rmw+2x(ktmus1)) quch that
[ ®5(t) —@G(t) [[<d  forall teR (13)
For every [£,&1]T€RFF™rt1 every p>0, every

0€]0,1], every t € R, and every § € {0}U]0, +oc[, define:

Bt &6 = 0500 | | =06+ 06

(14)
p&(aa Hy ta 57 £p+1) =
<£;D+1 » Gp+1 (ta 05; aprrlv 55 (Ma tv ef, 9€p+1))+
+J*(t7 96, 9£p+1)9£> (15)
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Next we define for each § € {0}U]0, +oo:

H6(97Matv£a€p+1)::[55(97/‘Lvtvgvngrl)vhzs(aa/u’vtagvganl)]
(16)
where hs and hs are given by

56(9’ n t, 57 £p+1)__agp+1(t7 667 9£p+17 55(/1'7 t? 957 6€p+1))

0z
+ 8gp+1 (ta 96, 9§p+1éfﬁ(,u’7 ta 967 95}74’1))@? (t) (17)
0 t, 0,0 t, 08,0
hé(e,uytf,fp-i-l)l: gp-l-l( ) ga gp-gz ﬁtS(;uv ’ §7 §p+1))
p+1
991 (8,65, 9£p+1éfg(u, t,06,06,11)) T
Note that, by (14),(16),(17),(18), we obtain:
EO(Ovuatvfagp—‘rl) = 7J*(t30;0); (19)
hO(Ov 1y ta 57 Eerl) =
— U <agp+1(t7070’0)> <8gp+1(t70’050)>* (20)
v v

Furthermore, by (13), for each fixed p > 0, we obtain:
VE>036>0 Ir>0 (|| hs(O, ., &, Epr1)—
ho(0, g, 8, Epr1) || <€
and || hs (0, p,t, &, Epn)+T (6,6, &p41) || <4,

whenever [¢,&,41] € B2,-(0), t€R, 6€[0,1]) (21)

Fix an arbitrary 1 > 0 and ¢t € R. Then, by the Lagrange
mean-value theorem, for every [¢,&,+1] € R¥™w+1 | there
exists 0(p,t,&,&pr1) € [0,1] such that

ps(L, 11,1, 8, &p 1) = ps(0, st €, Epra) = %<§p+17
Ip+1(t, 08,0841, B5 (1, 1,0, 065 11))) 0=0(u,t,¢,6,1) (1-0)
&1, I (4,6, Epr1)E) =
(o1, hs (01, €, Epin) 11, € Epra )€
+hs(0(1, 1, &, Epr1)s 1,8, € Epr1)Epr1)

H{Epr1, S (€, Ep11)E) =
(9gp+1(t,0,0,0)> (ag,l,ﬂ(t,o,o,o))*5
p+1,

<_“ ( dv a0

€p+1> + <£;D+17 (h5 (9(/,6, t7 57 51)-‘!-1)7 M, ta 57 gp-l—l)_
—ho(0, 11, , &, §p+1))Ep+1) + (Ept1s
(E(; (9(/-1’7 t7 57 §p+1)7 M, tv fa gp-‘rl) + J* (ta 57 &p+1))€> (22)

From Condition (B3) it follows that the symmetric matrix

agp+l(t303070) agp+1(ta07070) :
v v

is positive definite for all ¢ € [0,T] (i.e., for all ¢ € R due to
the T - periodicity). Since it is a continuous and 7" - periodic
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function w.r.t. ¢ € R, using the compactness of [0,7], we
obtain:

(

> A2pr1, 2pt1)

JA >0 <Zp+17
agp-‘rl (ta 07 07 0

0gp+1(t,0,0,0) N
ov ov Zpt1)
for all zp41 € R™*', teR
0 t,0,0,0
<§p+1, —HMo <gp+1(av)> X
5'gp+1(t,0,0,0) * 5
ov Pt
<= X&pr1,&pr1)

for all &,41 € R™7+,
Given an arbitrary (small) £ > 0, find » > 0 and § > 0 such
that

(23)

Therefore there exists £o>0 such that

teR (24)

|| h5(9a/’t07t7£7§p+1) - h0(05u07t7§)€p+1) || <&
and || Eﬁ(ealj'Ovtag?g]H-l) + J*(t7£’§p+1) H <é7
whenever [£,&,11] € B2,(0), 0 €10,1], te R (25)

(This is possible because of (21)). Then, if £ > 0 in (25) is
small enough, we obtain:

<£P+1ﬂ (h(;(e(.u(h ta 67 £p+1)7 Ho, ta 67 5}0—!—1)*
A
*ho(oaﬂo,t7§,§p+1))fp+1>§1<§p+1,§p+1> and
<§p+17 (Eé(e(lj‘07 t7 67 §p+1)7 Ho, t7 67 §p+1)+

A A
+J*(,6,€pr1))E) < Z<€p+17€p+1> + Z<£a§>

whenever [£,&,4+1] € B2,(0), t€R.
Combining (22), (24), and (26), we obtain:

(26)

A
p5(17 Ho, tv 57 £p+1)_p5(07 Ho, t7 57 £p+1) S _§<£p+17 §p+1>

—&—%(f,@ whenever [¢,&,11]" € B2, (0), teR. (27)

Define f((t, z, zp+1) = Bs(to,t, 2, zp+1). Combining (27)
with (8) and (15), we obtain:
dVpt1
dt

This completes Step 1 from [7].

Remark. For p=0, (i.e., when (3) is empty, z is abscent,
Y=gp+1=g1 and satisfies B1-B3, z,,1=21=y and C1,C2
hold by definition with any A> 0), the above construction
and the proof is similar, but becomes much simpler. For an
arbitrary A>0, we easily find a smooth, 7" - periodic feedback
B(t,y) = B(t,z1) of RxR™! to R™ such that 3(t,0)=0
and

<y7 ¢(t7 Y, ﬁ(t7 y))> = <Z;D+17gp+1(t7 Zp+1, ﬂ(t, ZP+1))>

A
l(p4+1),0=p < —§Vp+1

A
< _Z

2 <Zp+17 Zp+1> = <y7 y>
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in some neighborhood of Rx{0} by the repetition
of the above argument with the following changes:
J(t,z,2p41) and (9) are omitted; @5 (t) s
empty and, in particular, ®f(t)=¢}(t) in (10);
65 (Ma t, fa §p+1):65 (,ua t §p+1)=¢§ (t)§p+1 in (14);

ps(0, 4,8, & Epr1) = ps (0, 1, b, Epi1) =
(€p+15 Ip+1(t, 0&p11, Bs (1, t, 0€p41)))
in (15); hs(0, p,t,€,€pr1) and (17), (19) are omitted and
Hs(0, 11,8, 8, &pr1) = Hs(0, s, Ep1) = hs(0, 1,1, €, §pr1)
= hs(0, p, t,pr1)

is given by (18); the second inequalities in (21) and in (25)
are omitted; all the terms that contain J*(...) and hs(...)
ho(...) in (22), (26) are omitted. Eventually, instead of (27),
we obtain the inequality

A
pé(]-aNOvt,gaSp—i-l)*p(;(oaﬂ()atagagp—i-l) < 7§<€p+1a€p+l>a

whenever [€,&,41]" € B2r(0), t€R,

which completes the proof of Step 1 from [7] for p = 0 with
ﬁ(u Zp+1) = ﬁ5(/1'07 t7 Z, Zp+1)~

Thus, Step 1 from [7] is complete for any p>0. In order
to prove Theorem 2, it suffices to note that Steps 2-5
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from [7] require only the property of the local existence
and uniquiness as in the local Picard’s existence theorem,
i.e., the local Lipschitz condition w.r.t. [y, v] and continuity
w.r.t. [t,y,v] will suffice. Therefore, arguing as in Steps 2-
5 from [7], we complete the proofs of our Theorem 2 and
Theorem 1.
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