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Lyapunov-Razumikhin and Lyapunov-Krasovskii theorems for
interconnected ISS time-delay systems

Sergey Dashkovskiy and Lars Naujok

Abstract— We consider an arbitrary number of intercon-
nected nonlinear systems with time-delays and investigate them
in view of input-to-state stability (ISS). The useful tools for
single time-delay systems, the ISS Lyapunov-Razumikhin func-
tions and ISS Lyapunov-Krasovskii functionals are redefined
and applied to interconnected systems. By the help of a small-
gain condition we prove that the whole system with time-delays
has the ISS property, if each subsystem has an ISS Lyapunov-
Razumikhin function or ISS Lyapunov-Krasovskii functional.
Furthermore we construct the ISS Lyapunov-Razumikhin (-
Krasovskii) function(al) and the corresponding gains of the
whole system.

I. INTRODUCTION

In this paper we study the input-to-state stability (ISS)
property, introduced in [18], of systems with time-delays.
ISS and its variants, for example input-to-state dynamical
stability (ISDS) [6], local ISS (LISS) [21] and integral-ISS
(iISS) [19] became important during the recent years for the
stability analysis of dynamical systems and were applied
in network control, engineering, biological or economical
systems for example.

A useful tool to verify the ISS property for continuous sys-
tems are Lyapunov functions (see [20]) as well as for other
variants of ISS. For time-delay systems the ISS property can
be verified by ISS Lyapunov-Razumikhin functions ([22]) or
ISS Lyapunov-Krasovskii functionals ([15]).

We are interested in the ISS property for interconnections
of systems with time-delays. The first results on the ISS
property for the delay-free case were given for two coupled
continuous systems in [10] and for an arbitrarily large
number (n € N) of coupled systems in [2], using a small-gain
condition. Lyapunov versions of the ISS small-gain theorems
were proved in [11] (two systems) and [3] (n systems),
for the ISDS property in [4], for LISS in [5] and for iISS
in [8] (two systems) and [9] (n systems), where Lyapunov
functions for the overall system are constructed.

A general approach of the verification of the ISS property
for interconnected systems can be found in [12].

In this paper we utilize on the one hand ISS Lyapunov-
Razumikhin functions and on the other hand ISS Lyapunov-
Krasovskii functionals to prove that a network of ISS
systems with time-delays has the ISS property under a
small-gain condition, provided that each subsystem has an
ISS Lyapunov-Razumikhin function and an ISS Lyapunov-
Krasovskii functional, respectively. To prove this we con-
struct the ISS Lyapunov-Razumikhin function and ISS
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Lyapunov-Razumikhin functional, respectively, and the cor-
responding gains of the whole system.

The paper is organized as follows: In Section 2 we note
some basic definitions. The main results, the ISS small-
gain theorems for interconnected time-delay systems can
be found in Section 3, where Subsection 3.1 contains the
ISS Lyapunov-Razumikhin type theorem and Subsection 3.2
the ISS Lyapunov-Krasovskii type theorem. In Section 4 an
example is given to illustrate the results. Finally Section 5
concludes this paper with a short summary.

II. NOTATIONS AND DEFINITIONS
By 2T we denote the transposition of a vector z € RY,
N € N, furthermore R, := [0,00) and RY denotes the
positive orthant {z € R : z > 0} where we use the partial
order for z,y € RN given by

x>y x>y, i=1,....Nand e 2y < Ji:x; <y,
r>yser; >y, t=1,...,N.

We denote the Euclidean norm by |-|. For z = (21, ..., z5)"
defined on an interval I, we let ||z||; = maxi<;<k {||:ll;}-

Let § € R,. The function z; : [-60,0] — RY is given
by x(7) == z(t + 1), 7 € [-0,0]. For a,b € R, a < b,
let C ([a,b];RY) denote the Banach space of continuous
functions defined on [a,b] equipped with the norm |-, ,,
and take values in R" . For functions z; we define |z(7)| :=
max,_g<s<r |2(s)|.

Definition 2.1: We define following classes of functions:

K:={y:R; — R, | v is continuous, y(0) = 0
and strictly increasing}
Koo := {7y € K| ~ is unbounded }
L:={y:R; — R4 |~ is continuous and strictly
decreasing with tlirgo ~(t) =0}

KL:={8:Ry xRy — Ry | 3 is continuous,

ﬁ(’t) € ’Ca ﬂ(T,‘) € ‘C7 Vi, r > 0}
Note that for v € K, the inverse function y~! always
exists and 77! € K.
We recall the definition of ISS for single time-delay
systems and note the main results of previous works. Single
nonlinear time-delay systems are of the form

x(T) = 50(7-)7 TE [_970} ,

where t € Ry, z(t) € RV, and u(t) € RM is an essentially
bounded measurable input. # is the maximum involved delay
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and f: C ([-6,0];RY) x RM — R is a locally Lipschitz
continuous functional on any bounded set to guarantee that
the system (1) admits a unique solution z(¢) on a maximal
interval [—6,0), 0 < b < 400, where z(t) is locally
absolutely continuous (see [7], [13], [15]). We denote the
solution by z(¢,0,&) or x(t) for short, satisfying the initial
condition g = ¢ for any ¢ € C([—6,0],RY).

Definition 2.2: The system (1) is called input-to-state sta-
ble (ISS), if there exist 3 € KL and « € K such that for all
t > 0 it holds

201 < B (Il-p.0 1) +7 (Il g ) -

Next we define ISS Lyapunov-Razumikhin functions, in-
troduced in [22].

Definition 2.3: A locally Lipschitz function V : RY —
R, 1is called an ISS Lyapunov-Razumikhin function for
system (1), if there exist ¥1,%s € Koo, Xd, X and a € K
such that the following conditions hold:

di(lz]) < V(z) < a(l]),
Vi(z) = xa([Va(@)[)) + xu(lu?)])
= DTV (z) < —a(V(2)),

2
3)

for all z(t) € RY and all essentially bounded measurable
inputs u(t) € RM, where Vy(z(t)) := V(x(t + 7)), T €
[—6,0] and DTV (z) denotes the upper right-hand derivative
along the solution x(t), which is defined as

Viz(t+h)) = V(x(t)
h—0 h .

With this definition we state the following:

Theorem 2.4: If there exists an ISS Lyapunov-
Razumikhin function V' for system (1) and xgq(s) <
s, s € Ry, then the system (1) is ISS from u to x with
gain v = ¢1 " 0 xa.

The proof can be found in [22].

Another approach to check if a system of the form (1)
has the ISS property was introduced in [15]. There, ISS
Lyapunov-Krasovskii functionals are used.

Given a locally Lipschitz continuous functional V'
C ([-6,0];RY) — Ry, the upper right-hand derivate D*V
of the functional V is defined for all ¢ € C([—6,0];RY)
(see [1], Definition 4.2.4, pp. 258) as follows

DV (z(t)) = limsup
+

DYV (¢,u) := limsup
h—0t

H(V(85) -V (9)).

where ¢} € C ([—6,0];RY) is given by

d)*(s) — ¢(S+h)7 s € [—9,—]1]7
" ¢(0) + f(¢,u)(h +s), s€[=h,0].
With the symbol |||, we indicate any norm in

C ([-6,0];RY) such that for some positive reals b,c
the following inequalities hold

bl6(O)] < 6], < cllBll . ¥ € C ((=0,0];RY) .
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Definition 2.5: A locally Lipschitz continuous functional
V : C([-6,0];RY) — Ry is called an ISS Lyapunov-
Krasovskii functional for system (1) if there exist functions
1,12 € Ko and functions x, a € K such that

4)
S

1 (19(0)]) <V(9) < 2 ([[0ll,)
V(6) 2 x(lul) = DTV (¢,u) <—a(V(9),

Vo e C([-0,0;RY) ,u e RM,

The next theorem is a counterpart to Theorem 2.4 with
according changes to Lyapunov-Krasovskii functionals.

Theorem 2.6: If there exists an ISS Lyapunov-Krasovskii
functional V : C ([-6,0];RY) — R, for system (1), then
system (1) is ISS.

Proof: This follows by Theorem 3.1 in [15] by defini-

tion of p:= 15 " o x and

DTV (¢,u) < —as(l¢lla) < —a(V(9)),

where o := a3 o1, ' and the functional is chosen locally
Lipschitz continuous according to results in [14], [16]. M

In the next section we consider interconnected time-delay
systems and investigate under which conditions the network
has the ISS property.

III. MAIN RESULTS

In this section we state our two main results, the ISS
Lyapunov-Razumikhin and the ISS Lyapunov-Krasovskii
small-gain theorem for general networks with time-delays.

We consider n € N interconnected systems of the form

J)t

ai(t) = fi (2f,...,xbu(t), i=1,...,n, (6)
where zt(7) == z;(t + 7), 7 € [-0,0], x; € RN, ¢
denotes the maximal involved delay and ! can be interpreted
as the internal inputs of a subsystem. The functionals f; :
C ([-6,0];RM) x ... x C ([-0,0];RN") x RM — RN:
are locally Lipschitz continuous on any bounded set. We
denote the solution of a subsystem by x;(¢,0,&;) or x;(t)
for short, satisfying the initial condition ¥ = ¢; for any
& € C([—0,0],RN:),

Definition 3.1: The i-th subsystem of (6) is called ISS,
if there exist 3; € KL and ~f, 7 € Koo U{0}, j =

1,...,n, j # i such that

ma(t)] <
5i(||§z‘||[_9,o] 1)+ Z/\/gj(”xj”[_&t]) + ’Y’ZL(”,U/H[O,OO))’
=1
If we define N := Y N;, z:= (z7,...,2])T and f :=
(ff, ..., 5T, then (6) becomes the system of the form

(1), which we call the whole system. We investigate under
which conditions the whole system has the ISS property and
utilize Lyapunov-Razumikhin functions as well as Lyapunov-
Krasovskii functionals.
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A. Lyapunov-Razumikhin theorem for interconnected sys-
tems

In this subsection we state the first main result of this
paper, the ISS Lyapunov-Razumikhin small-gain theorem for
interconnected networks with time-delays.

Definition 3.2: A locally Lipschitz continuous function
V; : RNi — R, is called an ISS Lyapunov-Razumikhin
function for the i-th subsystem of (6) if there exist functions
V;, j =1,...,n, which are continuous, proper, positive def-
inite and locally Lipschitz continuous on R™7\ {0}, functions

X e Ku{o}, X‘iij €EKoU{0}, a; €K, j=1,...,n, such
that the following condition holds:
Vi) = Y- xi (Vi) + xi (lul) -
J

= D'Vi(z;) < —ou(Vi(zy)),

Vo; € RN and all essentially bounded measurable in-
puts © € RM. The gain-matrix is _defined by I’
(ch‘lj)nxnv i,j =1,...,n and the map I : R} — R’} by

ZXU 55), ZXm s5)

Note that we get for v,w € ]R+. v>w = T(v)>T(w).
We say that for a diagonal operator D : R} — R%, dj; =

(Id4pu), p € Koo, dij =0, i # j the matrix I satisfies the

small-gain-condition if for all s € R}, s # 0 we have

D(T(s)) # s. 9)

More information about the condition (9) can be found in
(21, (171, [3].

For the proof of the results in this section we will need
the following:

Definition 3.3: A continuous path ¢ € K is called an
Q-path with respect to D oI, where T is a gain-matrix and
D a diagonal operator, if

T

, sER™. (8)

DoT(s):=

(i) for each 4, the function o; !
tinuous on (0, 00);

(ii) for every compact set K C (0, 00) there are constants
0 < ¢ < C such that for all points of differentiability
ofai_1 and i = 1,...,n we have

is locally Lipschitz con-

0<c<(o;Y(r)<C, VreK;

(iii) it holds

D(T(a(r))) < a(r), ¥r > 0. (10)

If the gain-matrix I satisfies the small-gain condition (9),
then there exists an (2-path o with respect to D o I. This
path can be chosen piecewise linear. This is Theorem 5.2 in
[3].

We can now formulate our first main result:

Theorem 3.4: (ISS Lyapunov-Razumikhin theorem for
general networks with time-delays)
Consider the interconnected system (6), where each subsys-
tem has an ISS Lyapunov-Razumikhin function V;. If the
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corresponding gain-matrix I, given by (8) satisfies the small-
gain condition (9), where D is a diagonal operator, then the
function

V(x) H(Vi(a))}

= max{o;
is the ISS Lyapunov-Razumikhin function for the whole
system of the form (1), which is ISS from u to x, where
o = (01,...,0,)T is an Q-path as in Definition 3.3. The
gains are given by

Xa(r) == maxo;
ij

N
Hxi ()

H((1d+5) ) (o)),

Xu(r) := max p~

for » > 0, where p(r)
52Xk 0k ().

Remark 3.5: The definition of ISS and ISS Lyapunov-
Razumikhin functions given here in terms of sums is equiv-
alent to the definition if one uses a maximum instead of a
sum. Then the gains are given by

(0 (05(m),

Hxd ().

Proof: All subsystems of (6) have an ISS Lyapunov-
Razumikhin function V;, ¢ = 1,...,n, i.e., V; satisfies (7).
From the small-gain condition (9) for T, given by (8) and
D is a diagonal operator, it follows by Theorem 5.2 in
[3] that there exists an Q-path 0 = (0q,...,0,)7 as in
Definition 3.3. Note that cr_1 Els, t=1,...,n

Let 0 # 2 = (27,...,27)T. We define

V() := m?X{Ufl(W(xi))}

ming, p(r), pr(r)

Xa(r) == maxo,”
i,J

Xu(T) := max o;

as the ISS Lyapunov-Razumikhin function candidate for the
overall system. Note that V' is locally Lipschitz continuous.
V satisfies (2), which can be easily checked. For any 7 €
{1,...,n} consider open domains M; € R™\{0} defined
by

{(az?, ..

-1
0

M; = e RM\ {0} :

(Vi) }}-

Lal) e

(Vi(x:)) > r?ggc{oj

Now for any # = (27,...,2T)T € RV\{0} there is at least
onei € {1,...,n} such that & € M; and it follows, that there
is a neighborhood U of & such that V(z) = o; ' (Vi(z;))
holds for all x € U.

We define Xa(r) =
max;; o ((x;) T ((Id+5) 1) (¢ (05()))),
Xu(r) = max;p 1( “(r)), r > 0, where
p(r) = min pi(r), pulr) = 532 xi;(or(r))) and

V() 2 xa([Va(@)|) + xu([ul)-
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Note that x4(r) < r. It follows from (10)

Vi(zi) = o0i(V(z)) > (Id +1) Z Xi5(o5(V(2)))

> 3GV @)]) + Xt (ul).

j=1
From (7) we obtain
DV (z) = Doy (Vi(z:)) = (07 1) (Vi(w:))DH Vi)
< —(o; V) (Vi) (Vi) = —ai(V (),

where @;(r) := (o7 ") (04(r))a;(oi(r)), r > 0. By defini-
tion of o := min; &; the function V satisfies (3).

All conditions of Definition 2.3 are satisfied and V is the
ISS Lyapunov-Razumikhin function of the whole system of
the form (1). By Theorem 2.4 the whole system is ISS from
u to x. |

B. Lyapunov-Krasovskii theorem for interconnected systems

In this subsection we provide a counterpart to Theo-
rem 3.4, where we use ISS Lyapunov-Krasovskii functionals.

Definition 3.6: A locally Lipschitz continuous functional
Vi : C([-0,0);RY)) — R, is called an ISS Lyapunov-
Krasovskii functional of the i-th subsystem of (6) if there
exist functionals V;, 7 = 1,...,n, which are continuous,
proper, positive definite and locally Lipschitz continuous on
C([-9,0]); RNi)\{0}, functions x;;, xi € KU {0}, oy € K,

j=1,...,n, i # j such that
Vi (¢4) zg Vi(lo;) + xi (Jul) o
= DJFV; (¢lv ) < - ( (d)z))a

Vo, € C ([-0,0],RY)), u e RM, x;; =0, i = 1,...,n.
The gain-matrix is defined by I' := (x;;);;—; and the map
I:R? — R% by

T

ZXI] S] ZX"L] 5]

, s€RY.

(12)
The next theorem is the second main result of this paper.
Theorem 3.7: (ISS Lyapunov-Krasovskii theorem for gen-
eral networks with time-delays)
Consider the interconnected system (6). Assume that each
subsystem has an ISS Lyapunov-Krasovskii functional V;,
which satisfies the conditions in Definition 3.6,7 =1,... ,n.
If the corresponding gain-matrix I', given by (12) satisfies the
small-gain condition (9), where D is a diagonal operator,
then the functional

V(9) := max{o;" (Vi(¢:))}

is the ISS Lyapunov-Krasovskii functional for the whole
system of the form (1), which is ISS from w to x, where
o = (01,...,0,)T is an Q-path as in Definition 3.3 and
¢ = (¢i,---,0n)T € C([—0,0;;RY). The gain is given
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by x(r) := max; p~'(xi(r)) with p := ming_
(1) = 1305y sy X (05(7))-

Proof: All subsystems of (6) have an ISS Lyapunov-
Krasovskii functional V;, ¢ =1,...,n, i.e. V; satisfies (11).
From the small-gain condition (9) for I' there exists an (-

n Pk

path 0 = (01,...,0,)7.
Let 0 # z = ((29)",..., (=})")" € C([-0,0;RY). We
define

(Vi(e))}

as the ISS Lyapunov-Krasovskii functional candidate. Note
that V' is locally Lipschitz. V satisfies (4), which can be
easily checked. For any ¢ € {1,...,n} consider open
domains M; € RNV\{0} defined by

My = {((@)7,..., @)T)" e RN\{O} :
o H(Vi(zh)) > max {U }}

7

V(zy) :== max{o,

Now for any &, = ((z})7,...,(¢%)T)T € RN\{0} there is
at least one ¢ € {1,...,n} such that &; € M; and it follows,
that there is a neighborhood U of #; such that V(x;) =
o; 1 (Vi(x!)) holds for all z; € U. From (10) we get

oi(r) > (Id+p) Z Xij(oj(r)), r>0
Jj=1,i#j
e Uz Z ij
=1717é]
> Xij(0;(r)) =t pi(r), r>0
J=1,i%
If we define p := min; p; and assume V' (z;) > p~ (x:(Jul)),
it follows
p(V (1)) = xi(|ul)
= oi(V(@) = > xig(o5(V(@e)) > xallul)
=L
and we get
Vi(ah) = oi(V(@e) > xa(lu) + D xigloy(V(22))

From (11) we obtain
DTV (x4, u) = D+ai_1Vi(x§,u)
< —(o7 ) (Vi) (Vi) = —a(V(21)),

where &;(r) := (0, ') (0:(r))a;(ci(r)), v > 0. By defini-
tion of y := max; p~'x; and « := min; é&;, the function V'
satisfies (5).

All conditions of Definition 2.5 are satisfied and V is the
Lyapunov-Krasovskii functional of the whole system of the
form (1). By Theorem 2.6 the whole system is ISS from u
to x. |
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IV. EXAMPLE

In this section we provide an example to apply the main
results of this paper.

We consider a logistic network, consisting of three pro-
duction locations, which are connected by transport routes
as shown in Figure 1. In the following we call a production
location only subsystem. Subsystems one and three get some
raw material from an external source, denoted by u; and
ug € R. Subsystem three produces the material with some
production rate p3(x3(t)), where x;(t) € Ry, i = 1,2,3,
denotes the amount of unprocessed parts within subsystem
1. 50% of the production will be send to subsystem one and
two in each case. There the parts enter the subsystems with
the time-delay 73; and 732, which denotes the transportation
time from subsystem three to one and two, respectively.

Subsystem one processes the parts with the rate py (z1(t))
and sends the processed parts to subsystem two, where they
arrive with the time-delay 775 and will be processed with the
rate pa(22(t)). 50% of the processed parts of subsystem two
will be send to subsystem three (time-delay T53) and 50%
will leave the system. This can be interpreted as customer

supply.

The production rates are given by p;(z;) := z? and we
have
1(t) = ui(t) + gpa(@a(t — To)) — pr(aa(t)),
a(t) = p1(w1(t — Th2)) + sps(ws(t — Ts2)) — p2(x2(t)),
d3(t) = ua(t) + gp2(w2(t — Tas)) — pa(a3(t)).

It is easy to check that for (7) > 0, 7 € [—6,0], where
0 := maxT;;, it holds x;(t) > 0, Vt € R..

At first we use Lyapunov-Razumikhin functions to inves-
tigate the network in view of stability. We choose V;(z;) :=
2, i 2,3 as ISS Lyapunov-Razumikhin function
candidates of the subsystems, which are continuous, positive
definite and proper and locally Lipschitz continuous. At first
we investigate subsystem one and choose the gains

Xt (Jua]) = (I(@s(t +7))%) =

where 1 > 1 > 0 and 7 € [—T31,0]. By the assumption
Vilzi(t)) > xta(l(zs(t + 7))%]) + xa(fua(t)]) and the

_ |(la(t+7)) \
21-9)

K
€1 X13
2

)

1-
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definition of the gains it follows

D Vi (21 (1)) = 2(ua (t) + 5 (w3t — T1))* — 27 (1))
< —aq(Vi(z1(2))),

where aq(r) := e1r, © > 0. Therefor V; satisfies the
condition (7) and we conclude that V; is the ISS Lyapunov-
Razumikhin function for subsystem one.

By definition of the gains

X (G (¢4 7)) = K, 7 € [T, 0)

X (I(at + 7)) o= GHERE, 7 € [T, 0,
i (lus () = 2,

Xa((a(t + 7))?) o= HEE, 7 € [T, 0,

1>e9>0,1>¢e3 >0, we can prove that V5 and V3 are
the ISS Lyapunov-Razumikhin functions of the subsystems
two and three. Now we check if the small-gain condition is
satisfied, where

. 0 0 X§l3
I:= X[211 0 ng
0 x4 O

We choose p(r) := ér, r > O,where € > 0 is arbitrarily
small and the diagonal operator is then given with its diago-
nal elements d;;(r) = (1+¢&)r. The Q-path candidate o (r) =

(o1(r),02(r), 0 ()) is chosen as o1(r) = o3(r) := r
and oy(r) = 77’ Note that the conditions (i) and (ii) of
Definition 3.3 are satisfied. Let us check the condition (iii):
) (1+5)(ﬁ03( s))
DoT(o(s) = | a(s) + (1 4+ &) qrteyoals)
(14 &) sy 02(s)

and by the choice of the (2-path candidate above we have
DoT(a(s)) < a(s), s> 0 for sufficient small &, ¢;, i =
1,2, 3, such that o is the 2-path, which is equivalent to the
satisfaction of the small-gain condition. By the application
of Theorem 3.4 the whole network is ISS, where the ISS
Lyapunov-Razumikhin function is given by

V(z) = max{xf, %x%, x%}

We now utilize Lyapunov-Krasovskii functionals to inves-
tigate the network in view of stability. We choose V;(z!)
22(t), i = 1,2, 3 as the ISS Lyapunov-Krasovskii functional
candidates.

By

lua (£)]
1—

xa(|ur(@)]) :

x13(Va(z5)) :=

)

ol

(sl —1qy,0)°
£
201-5)

> 0 and the assumption Vi(z})

)

where 1 > & >

x13(V3(24)) + x1(Jui(t)]) we get for the first subsystem
D Vi(xh) = 2(ur(t) + 5 (ws(t — T1))* — 21(1))
< —an(Va(zh)),
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where o1 (r) :=e17 € K, r > 0. By

iy L Ulzallp—7yg,0)?

xa1 (V1)) i= =527,

(V- (xt)) — (l=sllp—myy.0)°

X23(V3(Z3)) = 72(1_%2) )
llus(o)]) = 201

vy . Ulzellg—rys,)?

xa2(Va(zy)) == = =2~

20-5) 7

1>e9>0,1>e3>0,

and similar calculations for the other subsystems as for the
first subsystem, we conclude that V;(z!) x2(t), i
1,2, 3 are the ISS Lyapunov-Krasovskii functionals for the
subsystems. The small-gain condition is satisfied (see above)
and by application of Theorem 3.7 for the ISS property
the whole network is ISS, where the Lyapunov-Krasovskii
functional of the whole system is given by

Viay) = max{;v%, %mg, x%}
V. CONCLUSIONS

We have proved two theorems: an ISS Lyapunov-
Razumikhin and an ISS Lyapunov-Krasovskii small-gain
theorem. They state that a network of time-delay systems
has the ISS property, provided that the small-gain condition
is satisfied and that each subsystem has an ISS Lyapunov-
Razumikhin function and ISS Lyapunov-Krasovskii func-
tional, respectively. Furthermore we showed how to construct
the ISS Lyapunov-Razumikhin function, the ISS Lyapunov-
Krasovskii functional and the corresponding gains of the
whole system. This was illustrated by a short example from
the logistics.
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