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A Small Gain Condition for Interconnections of ISS Systems
with Mixed ISS Characterizations

Sergey Dashkovskiy and Michael Kosmykov and Fabian Wirth

Abstract— We consider interconnected nonlinear systems
with external inputs. Each of the subsystems is assumed to be
input-to-state stable (ISS). Sufficient conditions of small-gain
type are provided guaranteeing that the interconnection is ISS.
To this end we extend recently obtained small gain theorems
to a more general type of interconnections. The small gain
theorem proved here is applicable to situations where the ISS
conditions are formulated differently for each subsystem and
are either given in the maximization or the summation sense.
An example shows the advantages of our results in comparison
with the known ones.

[. INTRODUCTION

In this paper we consider nonlinear interconnected systems
with inputs and use the notion of input-to state-stability (ISS)
as a framework for stability analysis of such networks. This
notion was introduced by E. Sontag in 1989, see [10]. Our
main question in this paper is whether an interconnection of
ISS systems is again ISS. It is known that cascades of ISS
systems are ISS, however, a feedback interconnection of two
ISS systems is in general unstable. Some conditions applied
on the gains of both systems can assure that their feedback is
ISS. The first result of the small gain type was proved in [7]
for a feedback of two ISS systems. The Lyapunov version
of this result is given in [6]. Here we would like to note the
difference between the small gain conditions in these papers.
One of them states in [6] that the composition of both gains
should be less then identity. The second condition in [7]
is similar but it involves the composition of both gains and
further functions of the form (id+ «;). This difference is due
to the use of different definitions of ISS in both papers. Both
definitions are equivalent but the gains enter as a maximum
in the first definition, and a sum of the gains is taken in
the second one. The results of [7] and [6] were generalized
for an interconnection of n > 2 systems in [1], [3]. It
was pointed out that the similar difference in the small gain
conditions remains, i.e., if the gains of different inputs enter
as a maximum of gains in the ISS definition or a sum of them
is taken in the definition. Moreover, it was shown that the
auxiliary functions (id 4 «;) are essential in the summation
case and cannot be omitted [1]. A more general definition of
ISS for the case of many inputs was introduced in [9], [2]
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and [4]. For recent results on the small-gain conditions for
a wider class of interconnections we refer to [8], [5].

In some applications it may happen that the gains of a
part of systems of an interconnection are given in maxi-
mization terms while the gains of another part are given
in a summation formulation. This motivates the question:
do we need functions (id + «;) and how many of them in
the small gain condition to assure stability in this case? In
this paper we consider this case and answer this question.
Namely we consider n interconnected ISS systems, such that
in the ISS definition of the first £ < n systems the gains
enter additively. For the rest of systems the definition with
maximum is used. We will see that the small gain condition
provided in this paper is less conservative then the one used
for the general definition in [9]. Our result contains the
known small gain conditions from [1] as a special case k = 0
or k = n, i.e., if only one type of ISS definition is used. An
example in the end of the paper shows the advantages of our
results in comparison with the known ones.

This paper is organized as follows. In section II we present
necessary notation and definitions. Section III provides some
auxiliary lemmas. The main result presenting the new small
gain condition is given in section IV, an example in the end
of this section demonstrates the novelty of this result. Section
V contains conclusions.

II. PRELIMINARIES AND PROBLEM STATEMENT

In the following we denote R := [0,00). R7} is the
positive orthant {x € R™ : = > 0}. 2T stands for the
transpose of a vector x € R". For x,y € R", we use the
standard partial order induced by the positive orthant. It is
given by

x>y <= x; > VY,

i=1,...,n,
1=1,...,n.

We write ¢ 2 y < 3Ji € {l,...,n} : x; < y;. For a
nonempty index set I C {1,...,n} we denote by |I| the
number of elements of I. We write y; for restriction y; :=
(yi)ier of vectors y € R, Let P; denote the projection of
R’ onto RL{' and R; be the anti-projection RE' — R%,

defined by
11

T g L€y,
k=1

where {ek}kzl,__m denotes the standard basis in R™ and
I= {il,...,i|1‘}, with i < g41, k= 1,,‘[‘ —1.

For a function v : Ry — R™ we define its restriction to
the interval [sq, s3] by
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_ [ w(t), ift€[s1,s0],
”[81,82](’5) - { 0, otherwise.

A function v : Ry — Ry is said to be of class K if it
is continuous, strictly increasing and (0) = 0. It is of class
K if, in addition, it is unbounded. Note that for o € K
a~! always exists and o' € K.

A function 8 : R, x Ry, — R, is said to be of class KL
if, for each fixed ¢, the function 3(-,t) is of class K and, for
each fixed s, the function (s, -) is non-increasing and tends
to zero for ¢t — oo.

By id we denote the identity operator in an appropriate
space. Let | - | denote some norm in R™, and let in particular

|z|,,... = max|z;| be the maximum norm. The essential
7

supremum norm of a measurable function ¢ is denoted by
|#]l - Lo is the set of measurable functions for which this
norm is finite.

Consider the system

= f(z,u),

and assume that the system is forward complete. This means
that for all initial values x(0) € R™ and all essentially
bounded measurable inputs u solutions exist for all positive
times. Assume also that for any initial value x(0) and input
u the solution is unique.

The following notions of stability are used in the remain-
der of the paper.

Definition 2.1: The system (1) is input-to-state stable
(ISS), if there exist functions § of class ICL and -y of class
IC, such that the inequality

z(6)] < B(|z(0)], ) + v([[uflo) @

holds for all initial conditions z(0) € R™ and inputs u €
LRy, R™), ¢t > 0.

Definition 2.2: The system (1) is globally stable (GS), if
there exist functions o, 4 of class I, such that the inequality

[z(®)] < a(|2(0)]) + A(llullo) 3)

holds for all z(0) € R”, u € Loo(R4,R™), ¢ > 0.

Definition 2.3: The system (1) has the asymptotic gain
(AG) property, if there exists a function v of class /C, such
that the inequality

tim sup [x()] < 5 ([[ull ) ©)

holds for all z(0) € R"™ and u € Lo (R4, R™).

Remark 2.4: Instead of sum of the terms on the right-hand
side of (2) one can take the maximum of these terms:

|z(8)] < max{B(|z(0)|, 1), y(llullc)}- ©)

This leads to an equivalent definition of ISS. Note that
functions 3, v in (5) are in general different from those in
(2). A similar equivalent definition can be written for the GS
systems.

Remark 2.5: In [11] it was shown that a system is ISS if
and only if it is GS and has the AG property.

reR” wuweR™, )
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Consider n interconnected control systems given by

& = filzi,... T, u1)

(6)
fo(@, ..

where 2; € RM, u; € R™ and the functions f;
REG=1 Nitmi _ RNi gre continuous and for all 7 € R
are locally Lipschitz continuous in z = (z17,... ,an)T
uniformly in w; for |u;| < 7.

The interconnection (6) can be written as (1) with x =
(1, zn)T u=(u1,...,u,)? and

fl(ml,...,xn,Pl(u))

fbn = -7xn7un)

f(x»u): .
fo(z1, .. 20, Po(u))

If we consider individual subsystems, we treat the state
xj,j # 1 as an independent input for the ith subsystem.

Let subsystems of (6) be ISS, i.e., there exist functions j3;
of class ICL, 7;j, vi € Ko U{0} such that for all initial values
2;(0) and inputs u € R™ there exists a unique solution z;(t)
satisfying for all ¢ > 0

i (O] < Bill2i(0)],8) + D v (ljpoll0) + villlull )

j=1
@)
fori=1,...,k and
|zs(2)] <
max{ By (|ei (0)], £), max{yij (0.0 )} il o)}
®

fori=k+1,...,n, where k € {0,...,n}.

We say that the gains in (7) are of sum type and the gains
in (8) are of max type.

Since ISS implies GS and AG property, there exist func-
tions o;,%i;, ¥ € KLU {0}, such that for any initial value
2;(0) and input © € Lo (R4, R™) there exists a unique
solution x;(t) and

|zi(t)] < oi (|2 (0)],) + Z;:l g (510,01 o) + Filllull o)

©)
fori=1...,k and
EAQ]IS
max{oy(|zi (0)]), max{Fi; ([0l )} Filllullo )}
(10)
fori =k—+1,...,n for all t > 0 and there exist functions

Yij» Yi € K U {0}, such that for any initial value x;(0) and
input u € Lo (R4, R™) there exists a unique solution z;(t)
and

t—oo

limsup |z;(t)| < Zl Yij sl ) +Fi(llull) (1)
iz

fori=1,...,k and

tim sup fav; (£)] < max{max{Fi; (0.0l )} Fi(llulloo)}
(12)
fori=k+1,...,n.
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Let us collect the gains +;; in a matrix I' = (7 )nxn.
denoting v;; =0, i = 1,...,n. The operator I' : R} — R}
is defined by:

Y12(82) + -+ + Y1n(Sn)

Ye1(s1) + -+ Ven(sn)

I =
(s) max{7k+171(51), . ,’Yk-+1,n(5n)}

13)

maX{rynl(Sl)a s 77n,n—1(5n—1)}

for s € RY}. Interconnections of such systems were consid-
ered in [1] for £ = 0 and k£ = n. In [9], [4] more general
formulations of ISS are considered, which encompass the
case studied in this paper. However, in these references the
specific results available for the structure considered here are
not provided.

Our main question is whether the interconnection (6) is
ISS from u to z. It is known that even if all subsystems are
ISS their interconnection need not be ISS. Recall the small
gain conditions for £ = 0 and £ = n assuring ISS property

of such interconnections from [1]:
I'oD(s) #s, Vs € RT\{0} (14)

for some D := diag,,(id + a), a € K for k = n and

I'(s) 25, Vs € RE\{0} (15)
for £ = 0. In case 0 < k < n we can use
< < .
A o) €3 m<n max ad (9

i=1
to pass to the situation with £ = 0 or k£ = n. But this leads
to more conservative gains. To avoid this conservativeness
we are going to obtain a new small gain condition for
0 < k < n. Expressions in (14), (15) prompt us to consider
the following small gain condition: For some o € Ko, let
Dy.(a) := diagy, (id+«) and id,,_, be the identity on R"~*.

Define
D= (Dko(o‘) idf_k) . (17)
The small-gain condition on the operator I' is then
I'oD(s) 2 s, Vs € RT\{0}, (18)
where the map D : R} — R" is defined by
D(s) == ((d + a)(s1), ..., (id + @) (sk), Skg1s---+5n)" .

In this paper we will prove that this small gain condition
guarantees the ISS-property of the interconnection (6).

ITI. AUXILIARY RESULTS

Before we proceed to main theorems we prove some aux-
iliary results for the operators satisfying small gain condition
(18).

Lemma 3.1: The small gain condition (18) is equivalent
to D oT'(v) 2 v for all v € R} \{0}.

Proof:

MoB15.2

Note that D is always invertible and
(id+ o)~ o (vy)

D7 l(v) = (idJrC:j;llo (vk)

Un

For every v € R} there exists a unique w € R’} such that
v = D(w) and vice versa. By monotonicity of D and D~}
we have D oT'(v) # v if and only if I'(v) ? D~!(v). For
any w € R" define v = D(w). Then I" o D(w) # w. This
proves the equivalence. [ ]
For convenience let us introduce p : R xRt — R”} defined
by

w1+v1

Wy + Vg

weR? veRT.
max{ w41, V1) |’ + +

w(w,v) ==

max{wy, vy, }

The following counterpart of Lemma 13 in [1] provides the
main technical step in the proof of the main results.

Lemma 3.2: Let T satisfy T' o D(s) # s for any s €
R \{0}. Then there exists a ¢ € K. such that for all
w,v € R7,

w < p(T'(w), v) (19)

implies [|wl| < ¢([[v]]).
Proof: Fix v € R%. We first show, that for those
w € R} satisfying (19) at least some components have to
be bounded.
Let D : R} — R be defined by

D(s) ==
_1 1 T n
(31+a (s1)y.-, 8k + (sk),sk+1,...,sn) , s €RY
and let _
s*:= D(v)
Assume there exists w = (wy, ..,wn)T satisfying (19)
and such that w; > s, ¢+ = 1,...,n. In particular, for

i=1,...,k we have
s; <w; < vir(wr) + . F Yin(wn) +v; (20)
and hence from the definition of s*:
st =w 4+ o (v) < vir(wi) + ...+ Yin(wn) + vi.

Then
v; < a(vin(wi) + ...+ Yin(wn))-
From (20) it follows

w; < ya(wr) + oA Y (wn) + v

< (id+0)o (ya(wr) + -+ yin(wn). D
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Similarly, by the construction of w we have for i = k +
1,...,n

st <w; <max{yi(wi),...,Yin(wn),vi}.  (22)
From the definition of s* we have
s; = v < w; <max{v1(w1), ..., Yin(wn),vi}.  (23)
Hence,
w; < max{vyi1(wi),...,Yin(wn)}. (24)

From (21), (24) we get
(id + @) o (y12(w2) + - .. + y1n(wn))

(id + ) o (ve1(w1) + - -« + Yeen (wy))
max{ye+11(w1), .- Vet1n(wn)}

max{y,1(wi),. s Ynn—1(Wn—1)}

i.e., w < Dol'(w). This contradicts the condition 'o D (w) #
w of our lemma which is equivalent to D o I'(w) ? w by
Lemma 3.1. Hence some components of w are bounded.
Iteratively we will prove that all components of w are
bounded.

Let us denote s := s* from the first step. We have already
proved that w % s' for all w satisfying (19). Fix such a
w, then there exists an index set Iy C {1,...,n}, possibly
depending on w, such that w; > s}, i € I; and w; < s}, for
i e If ={1,...,n} \ I. Note that by the first step I{ is
nonempty. We now renumber the coordinates so that

w; > sz1 and w; < Z’yij(wj)qui, i=1,..., k1, (25

j=1
w; > s} and w; < max{maxy;;(w;),v;}, i = k1+1,...,nq,
o (26)
w; < s} and w; < Z%j(wj) + v, (27)
j=1
i=n1+1,...,n1+ 14+ ko
w; < s} and w; < max{mjaxvij(wj),vi}, (28)

i=mn1+ka+2,...,n, where ny = |I1|, k1 + ko = k. Using
(27), (28) in (25), (26) we get:

Z Vi (55) + vi, (29)
j=ni1+1

w; < Z%‘j(wg‘) +
j=1

i=1,...,ky, and

~ max
----- Jj=ni+1,...,

i(sy)vit, (30)
i=ki+1,...,n. Define v* by
v} = Z %J(sjl) +wv;,i=1,...,k and
j=ni1+1
1

v; :=max{ max
j=ni+1,...,

(s vid, i =k 1,

MoB15.2
Now (29), (30) take the form:
ni
wi < yij(wy) + ol i=1,.. ki, 31)
j=1
w; < Inax{j max Yij(w;),vi}, i =ki+1,...,n5. (32)
=1,...,n1
Let us represent I' as I' = < Prn i > and let us
Prer, Trerg

define the maps I'z,7, : R} — R}, T'pppe - RY™ —
Ril, Flfh : Ril — Ri_nl and FIfIf : Ri_nl — Ri_nl
analogous to the I'. Let

Dr, () i= ((id + a)(s1),

From I' o D(s) # s for all s # 0, s € R it follows that
Iy, 0Dp(2) 2 z forall z # 0, z € RY'. Using the
same approach as for w € R} it can be proved that some
1 T
components of w' = (wy,...,wy,)" are bounded.
We proceed inductively, defining

oy (G + Q) (Sk), Skt oon s Smy ) -

Ij+1 ;Ija Ij+1 = {’iEIj LWy >8{+1}, 33)
with I§ ;=1\ I;11 and
s7*1 = Diy o (1 iz (s7e), vr,)), (34)

where 5Ij is defined analogous to 5, the map Ty, Ie
R} — RY acts analogous to I' for vectors of the
corresponding dimension, SJI; = (8))ic Ie is the restriction
defined in the preliminaries and p/ is appropriately defined
similar to the definition of .

The nesting (33), (34) will end after at most n — 1 steps:
there exists a maximal [ < n, such that

{L...n}20L2... 2040

and all components of wy, are bounded by the corresponding
components of s‘T1. Let

7RIz (8l+1)}
max{(s*)1, (R, (s*)1,.... (Rp, (s"))1}

s := max{s*, Ry, (s%),...

masxc{(s*)n, (Rr, () - - (Rr, (1))}

where Rj, denotes the anti-projection RK” — R?} defined
above.

Let the n-fold composition M o. ..o M be denoted by [M]".
By the definition of 4 for all v € R”} it holds

0< v < (T, id)(v) = u((v),v).
Applying D we have
0<v < D(v) < Do(u(T,id))(v) < ...
< [D o (T, id)]" (v).
From (34) and (35) for w satisfying (19) we have

(35)

w < s¢ < [Dop(T,id)]" (v).
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The term on the right-hand side does not depend on any

particular choice of nesting of the index sets. Hence every

w satisfying (19) also satisfies
w < Do p(Tid)] ([0 ] [0 ]pas)”

max’ "’ max

and taking the maximum-norm on both sides yields

|w|max S ¢(|’U‘max)

for some function ¢ of class . For example, ¢ can be
chosen as

o(t) == max{([D o u(T,id)]" (...

(Do p(Tid)])" (1., 1)}
This completes the proof of the lemma. [ ]

IV. MAIN RESULTS

Now we turn back to the question of stability. In order to
prove ISS of (6) we use the same approach as in [1]. The
main idea is to prove that the system is GS and AG and then
to use the result of [11] by which AG and GS systems are
ISS.

So, let us prove at first small gain theorems for GS and
AG of the system.

Theorem 4.1: Assume that each subsystem of (6) is GS.
If there exists D as in (17) such that I' o D(x) # z for all
x # 0 is satisfied, then the system (1) is GS.

Proof: Let us take the supremum over 7 € [0,t] on
both sides of (9), (10). For ¢ = 1,...,k we have

[3) EURTN

Izit0.0ll oo < 0illzi(0))) + D vis (lzs10,11l0) +villlull0)
j=1

(36)
and for : = k4 1,...,n it follows

0,0l < maxios (i (O)]), max{yi; (0.l )}

Yilllulloo)}
(37)
T
Let us denote w = ([lz1jo,ll - |Znpo,ll ) > (D)ij =
Yigs
o1(|z1(0)]) + 7 ([Jull )
T o (|z£(0)]) + v (llullo)

max{oy41(|2r41(0)]), Yrt1 (Jull o)}

ma{o (|2 (0)]), 7 (1]l .}
= o (20, 7(lul.))

From (36), (37) we obtain w < pu(I'(w),v). Then by
Lemma 3.2 there exists ¢ € K, such that

lzpall, < @Ulula(zO)), v([lul )
< @(llo(jz(0)]) + v(llull o)1)
< oQla(lz)DI) + ¢Clvllull )1

(38)
for some class K function ¢ and all £ > 0. Hence for every
initial condition and essentially bounded input u the solution

MoB15.2

of the system (1) exists for all £ > 0 and is uniformly
bounded, since the right-hand side of (38) does not depend
on t. The estimate for GS is then given by (38). [ ]

Theorem 4.2: Assume that each subsystem of (6) has the
AG property and that solutions of the system (1) exist for
all positive times and are uniformly bounded. If there exists
a D as in (17) such that I" o D(z) 2 « for all  # 0, then
system (1) satisfies the AG property.

Remark 4.3: The existence of solutions for all times is
essential, otherwise the assertion is not true. See Example 14
in [1].

Proof: Let 7 be an arbitrary initial time. From the
definition of the AG property we have fori =1,...,k

lignsuplxi(t)l <D il eell o) +illlull) (39

and fori=k+1,...,n

lim sup [; ()] < masx{max{yi; ([l2;(r.c0lll )37l o)}

- (40)
Since all solutions of (6) are bounded Lemma 7 from [1]
can be applied and we get that

lim sup |2;(t)| = limsup ||2;[r 00 [loo) =: li(24),i = 1,...,n.
t—o0 T—00

By this property from (39), (40) and Lemma II.1 in [11] it
follows that

li(z;) < Z%‘j(la‘(%‘)) + i (llull )

fori=1,...,k and
li(wi) < max{max{i; (1 (2;))}, m(llull o)}
fort =k+1,...,n. Using Lemma 3.2 we conclude

liirlsupHx(t)H < o(llullo) (41)

for some ¢ of class K, which is the desired AG property. B
Theorem 4.4: Assume that each subsystem of (6) is ISS.
If there exists a D as in (17) such that I'o D(x) # « for all
x # 0, then system (1) is ISS.
Proof:

From Theorem 1 in [11] each subsystem is GS. By
Theorem 4.1 the whole system (1) is GS. This implies that
solution of (1) exists for all times and is uniformely bounded.

From Theorem 1 in [11] each subsystem has the AG
property. Applying Theorem 4.2 the whole system (1) has
the AG property.

This implies that (1) is ISS by Theorem 1 in [11]. |

Example 4.5: To demonstrate the advantages of Theo-
rem 4.4 we consider the interconnected system (6) with
n =3, k = 1 where each subsystem is ISS:

lz1 ()] < Bi(|2(0)]) + yis(l|23p0,41lo0) + 71 (lull )
|z2(t)] < max{B2(|z(0)]), v21(||z1(0,1|[o0)
Y3 ([[#300,11 |10 ) s Y2 ([l ull o) }

|23(8)] < max{Bs(|x(0)]), va2(l[x2p0.1l00 ) v3(llull o) }
(42)
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with gains given by 7y13(t) = (id + p) " '(t),p € Koo,
Y21 () = ¢, y23(t) = t and v32(t) = t(1 — e ¥), t > 0.
In this case we have the following
0 0 73
=171 0 3
0 72 O
Then the small gain condition (18) becomes
’Y13(83) S1
max{y1 0 (id + a)(s1),723(s3)} | 2 | s2
v32(82) 83
for all s € R3\{0}, ¢ > 0. This condition is equivalent to
(ld + Oé) 0 Y13 0732 © ")/21(t) <t (43)
and simultaneously
Vo3 0 Y32(t) <t (44)

for all ¢t > 0.
For o = p the inequality (43) is satisfied:

(id+ ) o (id + p) Lo (t(1 —e7h))
= (id+p)o(id+p)to(t(l—eT)) =t(l—e") <t
The inequality (44) is also satisfied:
tl—e") <t

Then by Theorem 4.4 system (1) is ISS.
In order to apply results from [1] we need to use (16) in
(42). Then we obtain estimations of trajectories by

lz1(0)] < Bu(|z(0)]) +ms(llzs0,4]lse) + 71 (llullo)

[z < Ba(l2(0)]) + y21 (|10, )
+723([|7370,61100) + Y2(l|2e]l oo )

lzs(t)] < ( (

Ba(1z(0)]) + vs2(lz2(0,11[loc) + Y3 (llullo)
(45)

The small gain condition from [1] is: there exist a; €
Koo, @ =1,2,3 such that

M3 o (id + a1)(s3) 51
Y21 0 (id + a2)(s1) + y23 0 (id + a2)(s3) | Z | s2
Y32 © (ld + Oé3)(52) S3
(46)
for all s € R \{0}.
0
This condition implies for s = t and

Y32 o (id + a3)(t)
t > 0, that

Yoz o (id + ag) 0 y32 0 (id 4+ a3)(t) < t
or the even weaker condition
Yoz o (id + ag) 0 y32(t) < t. (47)
Suppose such an ay exists. Then
Y23 0 (id + an) 0 y32(t) = (id + ) (t(1 — 7)) < t.
Hence,

(t(l—e ")) +aa(t(l—e")) <tor

MoB15.2

az(t(l1—e™") <te .

This leads to a contradiction, since tlim ag(t(l —e™ b)) =
—00
+o00 and lim te~? = 0. It follows that there are no ay €

K such thtz; C(>?l7) is satisfied. So by this small gain condition
we cannot conclude whether the interconnection is ISS.

A similar argument applies, if the ISS formulation is
transformed to the maximum formulation throughout. Again,
an inconclusive formulation results.

V. CONCLUSIONS

We have considered several ISS systems. The gains of
these systems are defined in two different ways. This kind
of interconnections is more general then in [1]. A new
small gain condition assuring the ISS property of such in-
terconnection is proved in this paper. An example shows the
effectiveness and advantage of this condition in comparison
to known results.
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