
  

Abstract— This paper establishes an exponential ∞H  
synchronization method for a class of master and slave neural 
networks (MSNNs) with mixed time-delays, where the delays 
comprise different neutral, discrete and distributed time-delays 
and the class covers the Lipschitz-type nonlinearity case. By 
introducing a novel discretized Lyapunov-Krasovskii functional 
in order to minimize the conservatism in the stability problem of 
the system and also using some free weighting matrices, new 
delay-dependent sufficient conditions are derived for designing a 
delayed state-feedback control as a synchronization law in terms 
of linear matrix inequalities (LMIs). The controller guarantees 
the exponential ∞H  synchronization of the two coupled MSNNs 
regardless of their initial states. Detailed comparisons with 
different number of segments are made and numerical 
simulations are carried out to demonstrate the effectiveness of 
the established synchronization laws. 

I. INTRODUCTION 
In the last few years, synchronization in neural networks has 
received a great deal of interest among scientists from various 
fields [1, 2]. The first idea of synchronizing two identical 
chaotic systems with different initial conditions was 
introduced by Pecora and Carroll [3], and the method was 
realized in electronic circuits. The methods for 
synchronization of the chaotic systems have been widely 
studied in recent years, and many different methods have been 
applied theoretically and experimentally to synchronize 
chaotic systems, such as feedback control [4-10], adaptive 
control [11-15], backstepping [16] and sliding mode control 
[17-21]. Recently, the theory of incremental input-to-state 
stability to the problem of synchronization in a complex 
dynamical network of identical nodes was studied in [22]. 
On the other hand, in practice, due to the finite switching 
speed of amplifiers or finite speed of information processing, 
time delays are often encountered in hardware implementation 
[23-27], which may be a source of oscillation, divergence, and 
instability in neural networks. Therefore, the stability problems 
of neural networks with time delay have gained great research 
interest. Recently, both delay-independent and delay-
dependent sufficient conditions have been proposed to verify 
the asymptotical or exponential stability of delay neural 
networks, see for instance the references [28-38] and 
references therein. Among these results, Mou et al. [39], Gau 
et al. [40], He et al. [41], and Park [42] very recently derived 
 

H.R. Karimi is with the Faculty of Technology and Science, University of 
Agder, Serviceboks 509, N-4898 Grimstad, Norway (e-mail: 
hamid.r.karimi@uia.no). 

S. Dashkovskiy is with the Centre for Industrial Mathematics of the 
University of Bremen, Bibliothekstr. 1, 28359 Bremen, Germany. 

an improved exponential stability condition over the existing 
criterion. It can be realized that, up to now, few attempts have 
been made towards solving the synchronization problem of 
neural networks with different neutral, discrete and distributed 
time-delays. 
In this paper, we contribute to the further development of an 
exponential ∞H  synchronization method for a class of master 
and slave neural networks (MSNNs) with mixed time-delays, 
where the mixed delays comprise different neutral, discrete 
and distributed time-delays and the class covers the Lipschitz-
type nonlinearity case. The main merit of the proposed 
method lies in the fact that it provides a convex problem via 
introduction of a complete quadratic Lyapunov-Krasovskii 
functional with additional decision variables such that the 
control gains can be found from the linear matrix inequality 
(LMI) formulations. Therefore, an appropriate discretized 
Lyapunov-Krasovskii functional is constructed in order to 
establish some less conservative delay-dependent sufficient 
conditions for designing a delayed state-feedback control as a 
synchronization law in terms of LMIs using some free 
weighting matrices. Then, the controller is developed based 
on state measurements so as to guarantee that the exponential 

∞H  synchronization of the two coupled MSNNs is achieved 
regardless of their initial states. All the developed results are 
tested on a representative example. 
Notations. The superscript ''T  stands for matrix transposition; 

nℜ  denotes the n-dimensional Euclidean space; mn×ℜ  is the set 
of all real m  by n  matrices. The vector iv  denotes the unit 
column vector having a ‘1’ element on its ith row and zeros 
elsewhere. .  refers to the Euclidean vector norm or the 
induced matrix 2-norm and }{diag  represents a block 
diagonal matrix. )(min Aλ  and )(max Aλ  denote, respectively, the 
smallest and largest eigenvalue of the square matrix A . The 
operator }{Asym  denotes TAA + . The symbol ∗  denotes the 
elements below the main diagonal of a symmetric block 
matrix.  

II. PROBLEM DESCRIPTION 
In this paper, the master-slave neural networks (MSNNs) with 
mixed time-delays are described as follows: 
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with nT
n txtxtxtx ℜ∈= )](,),(),([)( 21 , T

n tytytyty )](,),(),([)( 21= nℜ∈  
where )(txi and )(tyi are the master system’s state vector and the 
slave system’s state vector associated with the ith neuron; 

ntu ℜ∈)(  is a coupled term which is considered as the control 
input; qtw ℜ∈)(  is the disturbance and ),(tzx  s

y tz ℜ∈)(  are the 
controlled outputs of the master and slave systems, 
respectively. ,)),(()),(([))(( 2211 txftxftxf = T

nn txf ))](( , 
,)),(()),(([))(( 1221111 τττ −−=− txgtxgtxg T

nn txg ))](( 1τ−  and 
T

nn txhtxhtxhtxh ))]((,)),(()),(([))(( 2211=  denote the activation 
functions, 0}{ >= iadiagA , the vector T

n ],,,[ 21 οοοο =  is the 
constant external input and the scalars 0>iτ , for 3,2,1=i , 
denote the known neutral, discrete and distributed time-delays, 
respectively, and },,{max: 321 ττττ = . The initial functions )(tφ  
and )(tϕ are continuously differentiable functionals. 

Definition 1. ([37]) The MSNNs (1)-(2) are synchronized 
globally exponentially if there exist scalars 0>α  and 1≥M  
such that ][)( ζζα +≤ − teMte , where )];0,([)( nCt ℜ−∈ τζ  is 

an initial condition and )()()( tytxte −=  is the synchronization 
error such α  and M  are called the exponential decay rate and 
decay coefficient, respectively. 
Let )()(ˆ teete tα= . The error dynamics between (1)-(2), namely 
synchronization error network, can be expressed by 
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where )()(ˆ tuetu tα= , )()(ˆ twetw tα= , )(ˆ)(ˆ)(ˆ tztztz yxe −=  

))()(( tztze yx
t −= α , )),(ˆ(ˆ[))(ˆ(ˆ 1111 tete ψψ = )),(ˆ(ˆ 212 teψ T

nn te ))](ˆ(ˆ, 1ψ , 
,)),(ˆ(ˆ)),(ˆ(ˆ[))(ˆ(ˆ 1222112112 τψτψτψ −−=− tetete T

nn te ))](ˆ(ˆ 12 τψ −  
and )),(ˆ(ˆ)),(ˆ(ˆ))[(ˆ(ˆ 2321313 tetete ψψψ T

nn te ))](ˆ(ˆ, 3ψ  with 
))((())(ˆ(ˆ1 txfete ii

t
ii

αψ = )))(( tyf ii− , =))(ˆ(ˆ2 teiiψ )))(())((( tygtxge iiii
t −α , 

)))(())((())(ˆ(ˆ3 tyhtxhete iiii
t

ii −= αψ  and ))()(();( ttet t
e ϕφαφ α −= . 

In this paper, the following assumptions are needed: 
A1) ([37]) The nonlinear functions )(),(),( shsgsf iii , for any 

,1=i   n, , satisfy, respectively, 
+− ≤

−
−≤ i

ii
i f

ss
sfsff

21

21 )()( , +− ≤
−
−≤ i

ii
i g

ss
sgsgg

21

21 )()( , +− ≤
−
−≤ i

ii
i h

ss
shshh

21

21 )()( , 

for ℜ∈∀ 21, ss where +−+−+−
iiiiii hhggff ,,,,,  are constants. 

A2) Let the difference operator nnCD ℜ→ℜ− )],0},,,{max([: 321 τττ  
given by )(txDxt = )( 23 τ−− txW  be delay-independently 
stable with respect to all delays [10]. A sufficient condition 
for A2) is that all the eigenvalues of the the matrix 3W  are 
inside the unit circle, i.e. 1)( 3max <Wλ . 

Remark 1. One can easily check that, for any ni ,,1= , the 
functions ))(ˆ(ˆ)),(ˆ(ˆ 21 tete iiii ψψ  and ))(ˆ(ˆ3 teiiψ  satisfy, respectively: 
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The problem to be addressed in this paper is as follows: given 
the delayed MSNNs (1)-(2) with a prescribed level of 
disturbance attenuation 0>γ , find a driving signal )(ˆ tu ,  

−

+−+=
t

t
dsseKteKteKtu

3
3121 )(ˆ)(ˆ)(ˆ)(ˆ

τ
τ                  (4) 

where 3
1}{ =iiK  are the control gains to be determined such that  

1) the network (3) is globally exponentially stable; 
2) under zero initial conditions and for all non-zero 

],0[)( 2 ∞∈ Ltw , the ∞H  performance measure, i.e., 
∞

∞ −=
0

2 )](ˆ)(ˆ)(ˆ)(ˆ[ dttwtwtztzJ T
e

T
e γ , satisfies 0<∞J ; 

in this case, the MSNNs (1)-(2) are said to be asymptotically 
stable with an ∞H  performance measure.  

III. MAIN RESULTS 
In this section, sufficient conditions for the solvability of the 
problem of the delayed state-feedback control design are 
proposed using the Lyapunov method and an LMI approach.  
Theorem 1. Let Nh ii τ=  be given for any positive integer N . 
For the MSNNs (1)-(2), a state feedback controller given in the 
form (4) exists such that the synchronization error network (3) 
is globally exponentially stable with an exponential 
synchronization degree 0>α  and a disturbance attenuation 
level 0>γ , if there exist some scalars lllld λρσδ ,,,,  
( Nl ,,2,1= ), matrices ,,,, 3212 LLLP ,iQ  T

jiji
T

jijiii TTRRHS ,,,, ,,, ==  

( Nji ,,1,0, = ) and positive-definite matrices 21211 ,,,, UUZZP  
satisfying the following LMIs 

0~~
~
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+∗ SR
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with },,,{ 12110 NNd SSSSSSdiagS −−−= − , ,{ 10 HHdiagH d −=

},, 121 NN HHHH −− − , ],,,[~
10 NQQQQ = , ,,{1~

101 SSdiaghS =  
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According to Remark 1, we have 
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Moreover, from (3) and (4), the following equation holds for 
any matrices 32 , PP  with appropriate dimensions: 
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Now, from (3), using the obtained derivative terms in (8) and 
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 By assuming 1~−= ii UU , from (5b)-(5c) it can be easily seen 
that )2,1(,0 =>Θ ii . Then applying the Jensen’s inequality 
[26] to the forth and fifth terms in the right side of (13), one 
finds 
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and 0<∞J  means that 0~ <Ξe  satisfies the ∞H  performance 
measure, and by applying Schur complement, one gets 
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Following [27] we choose 23 PP δ= , R∈δ , where δ  is a tuning 
scalar parameter. Therefore, considering i

T
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the LMI (5d).  
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which shows that the synchronization error network (3) with 
(4) is globally exponentially stable and has the exponential 
convergence rate k. This completes the proof.   

IV. NUMERICAL EXAMPLE 
Consider the MSNNs (1)-(2) with the following matrices 
adopted from [6, 10]: 
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Table 1 

optimalγ  Comparision w.r.t. N and α . 

 5.0=α  1=α  5.1=α
 

1=N  0.3065 0.3250 0.3345 

2=N  0.2920 0.3205 0.3285 
3=N  0.2895 0.3165 0.3215 

  
In light of Theorem 1, LMIs (5) using Matlab LMI Control 
Toolbox for different values of parameter N , i.e. }3,2,1{∈N , 
and different values of the exponential synchronization degree 
α , i.e. }5.1,1,5.0{∈α , are solved and the values of the 
parameter optimalγ  are obtained and shown in Table 1. It is easily 
seen that for a fixed value of the exponential synchronization 
degree α , optimalγ  is decreased as the parameter N  is increased 
and for a fixed value of the parameter N , optimalγ  is increased 
as the parameter α is increased. Moreover, the control gains iK  
for 5.0=α  are calculated and illustrated in Table 2.  

 
Table 2 

Controller gains (with 5.0=α ) w.r.t. N . 
 1=N  2=N  3=N  

1K
 1.23050.5684

0.37651.2784
.103

 
0.27370.3237
0.31821.7759

.103  
2.32991.3883
1.09472.5903

.103  

2K
 0.2781-0.1541

0.2374-0.2117  
0.24680.0676
0.05600.5864  

0.8680-0.3406-
-0.4911-1.0150  

3K
 0.1201-0.1093-

-0.1318-0.0965

 
0.86450.4570
0.37900.2450  

0.04680.0676
0.05600.0864  

 

V. CONCLUSION 
This paper presented the exponential ∞H  synchronization 
problem for master and slave neural networks (MSNNs) with 
mixed time-delays, where the mixed delays comprise 
different neutral, discrete and distributed time-delays and the 
class covers the Lipschitz-type nonlinearity case. An 
appropriate discretized Lyapunov-Krasovskii functional and 
some free weighting matrices were utilized to establish some 
delay-dependent sufficient conditions for designing a delayed 
state-feedback control as a synchronization law by convex 
optimization over linear matrix inequalities (LMIs). It was 
shown that the synchronization law guaranteed the 
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exponential ∞H synchronization of the two coupled MSNNs 
regardless of their initial states. Detailed comparisons with 
different number of segments were made and numerical 
simulations were carried out to demonstrate the effectiveness 
of the established synchronization laws. 
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