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Discrete time monotone systems: Criteria for global asymptotic
stability and applications

Sergey N. Dashkovskiy

Abstract—For two classes of monotone maps on the
n-dimensional positive orthant we show that for a discrete
dynamical system induced by a map the origin of R} is
globally asymptotically stable, if and only if the map I is
such that for any point in s € R}, s # 0, the image-vector
I'(s) is such that at least one component is strictly less than
the corresponding component of s.

One class is the set of n x n matrices of class Ko
functions; these induce monotone operators on R’. Maps
of the other class satisfy some geometric property for an
invariant set.

Keywords— monotone maps, spectral radius, one compo-
nent decrease condition, global asymptotic stability

I. INTRODUCTION

We consider monotone (that is order preserving) maps
which map the nonnegative orthant R’} of the n-
dimensional Euclidean space R” into itself. Such a map
I': R? — R gives rise to an associated dynamical system
defined by

s(k+1) =T(s(k)), ey

and 5(0) = so € R’;. We endow R’} with the standard
partial order > defined by

fork=1,2,...

r>y <= r—ycRj}. 2)

If T is linear, the stability condition that the spectral radius
of I" is less than 1 is equivalent to the operator inequality

3

note that the latter condition is also meaningful for nonlin-
ear I'. We call monotone operators I satisfying (3) nowhere
increasing (on R'}).

The concern of this paper are the relations between
property (3) and global asymptotic stability of (1); for finite
dimensional linear I" these are of course equivalent.

Monotone maps satisfying (3) arise in the context of
large-scale interconnections of input-to-state stable (ISS)
subsystems. Here the map I' arises as a matrix whose en-
tries are strictly increasing functions (class Ko, -functions),
which describe the interconnection gains between ISS
subsystems. Recently the authors proved in [4] that if there
exists a ‘robustness’ operator D, such D o I' is nowhere
increasing, then the large-scale interconnection system is
also ISS.

there exists no s # 0, such that I'(s) > (s);
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The first small-gain theorem for the feedback intercon-
nection of two ISS systems was given by Jiang, Teel and
Praly in [8]. Since then many more ISS small-gain type
theorems followed, for references and discussion see [4].

Monotone maps induced by matrices of class C func-
tions and their dynamics are of course a very special
case. The theory of more general monotone maps and
induced dynamics is still an active field of research, see for
example [11] or [12]. In [6] Hirsch and Smith give a state
of the art overview on discrete-time monotone dynamics. A
work related to this article is [1], where Angeli and Sontag
present results on monotone systems that were inspired
by questions in molecular biology modeling. In [2] they
introduce signed graphs for monotone maps, which in the
case of matrices with entries in (oo U{0}) agree with the
graphs that we associate to such maps.

We are going to investigate the relations between prop-
erty (3) and global asymptotic stability of the origin (0-
GAS) of (1) for general monotone maps I' : R} — R}.
Using only monotonicity we establish (3) as a consequence
of 0-GAS of (1) in Proposition 5.2, while the converse
implication is true for matrices with entries in (oo U{0})
if we add a ‘robustness term’ in (3), see Theorem 7.10.
In two dimensions we can swap the matrix structure for
geometrical properties of an invariant set to obtain a similar
result (Proposition 6.3).

A rigorous problem statement will be given in Section II.
Notational foundations and some remarks on class Cno-
functions follow in Sections III and IV. Results requiring
only monotonicity, continuity, and/or condition (3) are
stated in Section V, while Section VI deals with the two
dimensional case. The theory for matrices with entries
in (Koo U {0}) is presented in Section VIL In this case
the special structure allows for stronger statements. Con-
sequences for large-scale ‘small-gain’ interconnections of
ISS systems are given in SectionVIIIL.

II. PROBLEM STATEMENT

For a monotone map I" : RY — R, such that I'(0) = 0,
we are interested in the relations between the following two
properties:

1) T #1id, that is, by definition for all z € R"}, x # 0,

we have I'(z) # x; and

2) the discrete system X defined by

2 2(0) € R, a(k+1) :=T(x(k)), k € No, 4)

is globally asymptotically stable in 0 (0-GAS), i.e.,



a) (Stability) For every ¢ > 0 there
exists a & > 0, such that whenever
l(0)]] < 6, then |z(k)||] < e for all
keN.

b) (Attractivity) Vo € R : I*(z) — 0as k —
0.

Note that so far we did not make any continuity assump-
tions whatsoever. We will provide the following answers:
Proposition 5.2 states that 2b) implies 1. Lemma 6.3 gives
the converse implication and even stability for n = 2
for continuous T, if in addition for a diagonal robustness
operator D we have D o' # id and some constraints
on the geometry of the set W', which is to be defined in
equation (6), are satisfied. If I" is a matrix with entries in
(Koo U{0}) the same is proved without the restriction on
Ul in Theorem 7.10. Finally, in the context of large-scale
networks of ISS systems this gives a sufficient condition
for the input-to-state stability (ISS) of the interconnected
system, see Theorem 8.1.

III. NOTATION

A. Numbers, ordering

By N we denote the positive integers, by Ny the union
NU{0}, by R the real numbers, by R the nonnegative real
numbers, and by R = R, x ... x R the nonnegative
orthant of R™. On the latter we have a partial ordering,
which is induced by the componentwise ordering on R:
For z,y € R”™ the relation z < y (z < y) is defined
by z; < y; (x; < y;) for all ¢ 1,...,n. While the
definition of < agrees with the one in (2), it is important
to note that the meaning of x < y does not coincide with
the usual meaning, © > y and = # y. Consequently, the
notation z y means that there exists an index 4, such
that 2; < y;. For maps A, B : R} — R’} we define

A% B

as a point wise relation with the exception of the origin;
that is, there exists no x € R”}, = # 0, such that A(x) >
B(x). The map A : R} — R} is monotone, if for x,y €
R” such that z < y we have A(z) < A(y). A monotone
map A : R? — R is nowhere increasing if A # id.

B. Comparison functions

Recall that a function p : Ry — R is of class K, or
p € K, if p(0) = 0, p is strictly increasing and continuous.
If, in addition, p is unbounded, then we say p is of class
Koo (or, p € Ks). Sometimes we enrich these spaces
by the function 0 : Ry — R, mapping everything to 0,
which we denote by K U {0} or K U {0}. A function
B Rﬁ_ — R is said to be of class KL if it is of class
K in the first argument and, whenever the first argument
is fixed, it is decreasing in the second argument with limit
Zero.
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C. Matrices of K-functions, ordering for monotone maps

By (K U {0})™*™ we denote the set of n X n-matrices
with elements in U{0}. Given a matrix I' € (U{0})™*"
and a vector s € R’} we define the vector I'(s) € R’} by

F(S)z = Z%-j(sj) fori=1,...,n.
=1

Note, that if all 7;; are linear, then this definition is
compatible with the usual matrix vector multiplication
from linear algebra.

D. Projections

On R’ for any index set ) # I C {1,...,n} we denote
by Pr: R} — Rfl the projection of the coordinates in
R" corresponding to the indices in I onto R#/.

The corresponding injection is St Rﬁl — R
mapping = — (21€;, + ... + Txrei,,), where we write

I ={i1,...,ix1} and denote by (ey)g=1,... ,, the standard
basis of R”}.
For any index set ) # I C {1,...,n} and vector z €

R’ denote by z|; the vector in R} with elements

(z[r)i = {

E. Graphs, adjacency matrix

if €I and

otherwise.

Ly

0

With an n x n matrix with entries in (Ko U {0}) we
associate a (directed) graph G = (V, E) with vertices
V ={1,...,n} and edges E C V x V, which consists
of all ordered pairs (i,5) € V x V such that ;; # 0.
The adjacency matrix of a graph G = (V, E) with V =
{1,...,n} and E C V xV is the matrix Ag := (a;;) with

aij{

Given a p € K, we define a matrix D := diag,, (id +
p) := (0;5 - (id + p))nxn, where &;; denotes the Kronecker

symbol,

A nonnegative n X n matrix A is irreducible, if for every
i,j € {1,...,n} there is a k € N such that the (4, j)-th
entry of A is positive, which is denoted by agf) > 0. This
can be stated equivalently as that the graph of A is strongly
connected, i.e., from any vertex there is a path to any other
vertex. If the number k can be chosen independently of
(,7), then A is primitive. If A is not irreducible, then it
is reducible.

In Section VII we will need the graph concept also for
powers of I". To this end let I' € (Koo U {0})™*™ and
consider T'* : R — R”} for some k > 1. Clearly, the map
I'* is monotone, continuous and satisfies T*(0) = 0. With

1
0

if (i,7) € E and
else.

1
0 else.

i
55 = ifi=7



I'* we associate the graph G = G(I'*) = (V, E), with
vertices V = {1,...,n} and edges

{(i,j) eV xV :Vz eRY:

t— Pj(T(z+t-e;)),

t € Ry is unbounded }

{(i,j) eV xV 1t Py(T(t-e;)),
t € Ry, is of class K }.

E

For notational simplicity we just say that a map I' has
some of the properties as (ir-)reducibility/primitivity, if the
adjacency matrix Ag of the graph G = G(T") does have
this property. In the sequel we sometimes refer to Agx as
the adjacency matrix of the graph of T'*.

IV. SOME REMARKS ON /C AND K, FUNCTIONS

In [4], as well as in the following sections, the notion
D oT is used, D being a diagonal matrix with entries in
K, I' a monotone map. Proposition 4.3 states equivalent
formulations of this notion that will be useful in the proof
of Lemma 6.1, but may be of independent interest. We
begin with two technical observations.

Lemma 4.1: For any p € K, there exist a1, as € Ko,
such that

(p+id) =
Proof: Choose, e.g., ag =
id)~1. Then

(a1 +id) o (a2 + id).

ipand a1 = ipo (3p+

(a1 +id) o (e +1d) = a1 (e +1d) + ag +id =

1 1 1 1
5PO(§P+’id)_1O(§p+id)+§P+id=
1 1
(§poid—|— §p+id)=p+id.

This immediately extends to diagonal operators.

Lemma 4.2: For every D = diag,(id + p),p € Kso
there exist D = diag, (id + a;) and D = diag, (id +
ag),q; € Keo,i = 1,2, such that

D=DoD.

Note, as a consequence, for D as in Lemma 4.2, there
exists a D = diag, (id + p), such that D > D o D. This
class K, function is defined by p(t) = min{p; (¢), p2(¢)}
for ¢ > 0. So in Proposition 4.3 without loss of generality
we may even assume that D; = Dy (using monotonicity
of I'):

Proposition 4.3: For ' € (K U {0})"*" the following
are equivalent:

(i) 3p € Koo, D = diag,,(id+p) : T o D #id,

(i) Ip € Ko, D = diag, (id+ p) : Do T #id,
(iii) Jp1,p2 € Koo, D1 = diag,, (id + p1),
D = diag,,(id + p2) : Dy oo Dy # id.
The easy equivalence transformations are omitted.
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V. EXPLOITING MONOTONICITY

In this section we investigate the problem stated in
Section II for maps I' that are only monotone. For some
results we also need continuity of I'. A first general result
is Proposition 5.2

Lemma 5.1: LetT' : R — R’ be monotone, I'(0) = 0.
Assume T' # id. Then for any index set I such that 0 #
I c{l,...,n}, we have

P]OFOS[ 7,)_4 1dR#1
Proof: The easy proof is left to the reader. [ ]
One of the highlights of this section, though not difficult to
prove, is the following statement, that terms of the problem
of Section II for general I' already property 2b implies
property 1:

Proposition 5.2: Let I' : R} — R’ be monotone,
I'(0) = 0. Then attractivity of z* = 0 for the associated
discrete dynamical system implies I' # id.

Proof: We argue indirectly: Suppose there exists an
x € R}, 2 # 0 such that I'(z) > . By monotonicity of

I' we have I'?(z) > T'(x)(> ) and inductively T'*(z) >
x # 0. Hence F’“( ) /0 as k — oo, contradicting 2b,
ie., limy_ o [¥(x) = 0. |

The following result will prove as powerful tool in the
indirect proofs of several results to follow.

Lemma 5.3: LetI' : R} — R’} be monotone, I'(0)
Then T # id implies I'* % id for all k € N.

Proof: We argue indirectly: Suppose there exists an

z €RY,z #0and ak > 0, such that I'*(z) > z. Define
z :=max;—,. x—11"(x). Since the case [ = 0 is included
we have z # 0 and by monotonicity z > 0. We obtain

=0.

> _ 1
[(2) 2 max I (x) lzﬂgf\_{ko(w)

I(z) = 2,

.....

>

max
1=0,....k—1
which in turn contradicts I' # id. Hence the lemma is
proved. [ ]

If in addition I" is continuous then already boundedness
of a trajectory of system (1) implies that this trajectory
converges to zero; this fact will be used frequently in the
following.

Lemma 5.4: Let I' : R} — R’} be monotone and con-
tinuous, I'(0) = 0. For fixed z € R let {T'*(x)}x=0,1,2,...
be bounded and let I' # id. Then I'*(z) — 0 as k — oc.

Proof: Consider the w-limit set of x

w(z) := {y : 3 subsequence {k;},;=12, .
s.t. TR (2) — y as j — oo},

Since any bounded sequence in R™ contains a convergent
subsequence w(x) is not empty.

Note that by continuity of I' the set w(z) is invariant
under I': For any y € w(z) the image I'(y) is also in w(x)
and there exists a preimage z € w(x) such that I'(z) = y.

We define z := supw(z) which is finite. For every y €
w(x) we have z > y and hence I'(z) > I'(y). By invariance



this yields I'(z) > sup{I'(y) : y € w(z)} = z. But this
contradicts I' 2 id if z # 0. Hence w(z) = {0}. ]

In the following we will occasionally make use of
properties of the sets defined below. Suppose an operator
I': R} — RY is given. Then define

U = {s € R}« (T(s))i < i} Q)
3 :=ﬁ@5={seRK:F<s)§s} 6)
oF S{s eRY : (T(s))i < s} (7
Qb = (n] Qf ={seR}:T(s) < s} ®)

i=1
If there is no ambiguity regarding the operator I', then
we will omit the north-east index I'. Obviously we have
Q,CV;,i=1,....,n.

Lemma 5.5: Let I' : R} — R’ be monotone and
continuous, I'(0) = 0. Then the following are equivalent:

i) I' #id

i) UL, 9 =R\ {0},

Proof: This is easily seen, so the proof is left to the
reader. |

The next result has interesting consequences: Under
mild assumptions there are points x € R’ arbitrarily far
away from the origin, such that for every initial value
so € R with sqg > x for system (1) the corresponding
trajectory is attracted to 0.

Proposition 5.6: Let I : R — R’} be monotone and
continuous, I'(0) = 0. Then T' # id implies @ N S, # 0
for all = > 0, where S, denotes the sphere around the
origin in R’} of radius 7 > 0 with respect to the 1-norm,
Sp={seRy:>" s;=r}

For the proof of this proposition we need a famous
result, that we state here for the convenience of the reader:

Theorem 5.7 (Knaster-Kuratowski-Mazurkiewicz, 1929):

Let A,, denote unit n-simplex, and for a face o of A,, let
o) denote the set of vertices of o.

If a family {A;]i € Ag))} of subsets of A,, is such that
all the sets are closed or all are open, and each face o of A,
is contained in the corresponding union [ J{A4;|i € o(©},
then there is a point common to all the sets.

Proof: The original proof for closed sets was given
in [9], while the formulation above is taken from [7] and
was proved in [10]. [ |

Proof: [Proof of Proposition 5.6] Note that S,
for » > 0 is a simplex with vertices r - e;, ¢
1,...,n. Each (nonempty) face spanned by 7 - ¢e;, ¢ €
I c {1,...,n}, fulfills the assumptions of the Knaster-
Kuratowski-Mazurkewicz theorem, i.e., it is contained in
the union (J;(£2; N'S;). Then the KKM-theorem implies
that (N} (9 N S,) # 0. ]

Lemma 5.8: LetI' : R} — R be monotone, I'(0) = 0,
I" # id. Then each trajectory of ¥ given by (4) starting in
¥ is bounded.

Proof: This follows easily by monotonicity of T,
since o € ¥ implies I'(xg) < z( and iterated application
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of I' gives

0 < a(k) =T"*(xo) <T* (z0) < ... <) < o
for all £k > 1. |

As a consequence we have the following intermediate
result, that is also used in the companion paper [5].

Proposition 5.9: Let I' : R? — R’ be monotone and
continuous, I'(0) = 0, I' # id. Then every trajectory of
system (1) starting in W' is attracted to 0.

Proof: This follows from Lemma 5.8 and Lemma 5.4.

|

So far we only considered attractivity of the origin of
R", but neglected stability. As it turns out, the latter is a
consequence of the first:

Lemma 5.10: Let T' : R} — R’ be monotone and
continuous, I'(0) = 0 and T' # id. If every trajectory of
system (4) is attracted to the origin, then the origin is also
stable for system (4).

Proof: By Proposition 5.6 and given € > 0 we may
choose a y € (), ©;NS., where S. denotes the sphere of
radius ¢ in R} with respect to the 1-norm. Define 6 >0,
6 € R, by

d:=sup{d e R,d>0:2 <y Vre By(0)NRYL},

where B;(0) denotes the open ball of radius d with respect
to the 1-norm around the origin. Clearly for |z| < J we
have z < y. By the choice of y we have I'(y) < y, and
hence y > T'(y) > T'?(y) > ... The same applies for
|z| < 6, hence |T*(z)| < ¢, for all k > 0, which proves
stability. [ ]

As a consequence of Proposition 5.9 we obtain:

Corollary 5.11: Let I : R} — R’} be monotone and
continuous, I'(0) = 0, T’ % id. If for a initial value s, € Rf}
of system (1) there exists a k£ > 0 and some y € VU, such
that s(k) < y, then the corresponding trajectory converges
to 0.

Another easy but important consequence is the next
statement, that relies on the two preceding results: If the
set ¥ is unbounded in every component, then (1) is 0-GAS.

Proposition 5.12: Let I' : R} — R’} be monotone and
continuous, I'(0) = 0, T" % id. If for every x € R there
exists a y € ¥, such that y > x, then the origin of R”} is
GAS for system (1).

Proof: For every initial value sg of (1), there exists
a y € ¥ such that y > sp. By monotonicity of I' we have
I'*(s9) < T*(y) for all k > 0. The remainder follows by
application of Proposition 5.9 and Lemma 5.10. [ ]

For completeness, we state the by now obvious result:
If I" is bounded, then we immediately get 0-GAS of (1).

Lemma 5.13: Let I' : R — R’} be monotone, contin-
uous, and bounded, such that T’ Z id. Then system (1) is
0-GAS.

Proof: Note that I'(0) = 0 is a consequence of I' 7 id
and continuity. Now apply Lemma 5.4 and Lemma 5.10.
|



VI. TWO DIMENSIONAL CASE

For T a n x n matrix with entries in (Ko, U{0}) it has
been shown in [4] that

DoT #id for some D = diag,(id+ p), (9

where p € K, is sufficient to deduce that (1) is 0-GAS.

In the case n = 2 we provide a dichotomy for more
general I', such that if (9) holds, then for a subsequence
at least one component of each trajectory of (1) converges
to 0:

Lemma 6.1: Let T' : R2 — R2 be monotone and
continuous, I'(0) = 0. Suppose there exists an operator
D :R3 — R%, D = diagy(id + p), p € Koo, such that
D oT # id. Suppose further, that for some z, € Ri the
orbit O(wg) = {T'*(x)}r=0.1.2,... is unbounded. Then there
exists a subsequence {k;};en, such that as j — oo exactly
one of the following holds:

(i) (% (o)1 /o0 and (T (xg))2 \, 0,

(i) (T*i(z0))1 \, 0 and (T*i(z0))2 / 0.

Proof: First note, that by assumption and Lemma 4.2
there exist operators D; = diag,(id + p;), p;i € Koo,i =
1,2, such that Dy 0Dy = D and therefore DioT'0Ds % id.
By Lemma 5.3 we even have D; o ' o Dy # id for all
L>1

Since O(x() is unbounded, necessarily one compo-
nent must be unbounded, and without loss of general-
ity that is the first component. So we have to show
that (T'% (20))2 \, 0 as j — oo.

We may pick a subsequence {k;}32, such that the first
component of

(w1 (kg), 22 (k;))" := w(ky) := T (20)

is strictly monotone and unbounded. The sequence z2(k;)
must be strictly decreasing, since otherwise we would have
x(kjr1) > z(kj), but we know z(kji1) # z(kj).

It remains to prove that xo(k;) decreases to zero. So
suppose there exists a constant C' > 0 such that zo(k;) N\
C. Then for e €]0, p1(C)] there exist 7' € N and &’ < ¢
such that

1 (k)

x(kj) = {07%,] > 0.

Now for [ > 1 we have

m(k'j’—&-l) = FL(LI,‘(]C]I)) fOI‘ some L = L(l)
l‘l(kj/+l) "o___n
{ C1er for some & = " (1)

< TE(Dy(z(ky)))
< DjoT*o Dy(z(kj)),

where ¢’/ < &’. The second component of the last line can
be estimated

[Dy o T o Dy(a(kyr))la > (id+ p1)(C + ")
>C+p1(C) >C+e>axa(ky)
and for the first component we find

[D1 oT* 0 Dy(a(kj )i > w1 (kjrra) > a1 (kye)-

Together this gives a point z(k; ) > 0 such that
Dy oT" o Dy(a(ky)) > (k)

in contradiction to Dy o T'Y o Dy 2 id. Hence we must
have C' = 0. This proves the lemma. [ ]

In the following example all assumptions of Lemma 6.1
are satisfied, but nonetheless only the second component of
trajectories with certain initial values converge to 0, while
the first component diverges.

Example 6.2: Fix some real constants A €]0, 1] and p >
0. Let I': R?‘_ — Rf_ be given by

r <|:81:|) _ |:/\81 + 8%82 + uss
S92 )\52
for all s = (s1,2)7 €€ R?.

The map I' fulfills I'(0) = 0, is continuous, monotone,
and for D = (1 + a)idRi, where 0 < a < 1/A —1, it
satisfies D oI" # id, as can easily be seen. (Just consider
the cases (s1 = 0, so > 0) and so = 0 separately.) If sV =
(59,597 > 0is such that s§ > 1/(\s9), then the trajectory
of (4) starting in s° is unbounded in the first component:
The condition s1(k) > 1/(As2(k)) with s(k) > 0 implies
s1(k+1) = s1(k)(A+s1(k)sa(k)+ pusa (k) > s1(k) /A >
1/(M%s2(k)) = 1/(As2(k + 1)) and clearly s(k + 1) > 0.
By induction we obtain a trajectory that converges to 0
in the second component and diverges in the first one.
Hence the monotone system induced by I' is not 0-GAS.
Geometrically we have

Ql:{seRf_:/\51+sf52+u82<51}
(1—)\)81}

st +p

Qo ={s€RY : Asy < 82} = {s € R : 55 £ 0}.

:{36R3:51>0, So <

The picture in Figure 1 is drawn for A = 1/2 and pu =
1/16.

81>>\—52

Fig. 1. Attracting and repelling sets in Example 6.2

In the next result the assumptions on LL and UR
(acronyms of lower-left and upper-right) roughly state that
the set ¥ has eventually to stay away from the coordinate
axes.
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Proposition 6.3: Let T : Rﬁ_ — Rﬁ_ be monotone and
continuous, I'(0) = 0. Suppose there exists an operator
D :R% — R%, D = diag,(id + p), p € Kuo, such that
DoT % id. Suppose that the set U satisfies the conditions

@) LL2(T) inf{SQ (Sl,Sz)T e o' n

S, for some s; > 0} is nondecreasing in r > 0
and there exists an R; > 0, such that LLs(R;) > 0.

(i) URy(r) inf{s; (s1,82)7 € W' n
S, for some sy > 0} is nondecreasing in r > 0 and

there exists an Ry > 0, such that UR;(R3) > 0.

Then system (4) is 0-GAS.

Proof: By our assumptions, there exists R
max{R1, Ro} such that ¢ := min{LLy(R),UR:1(R)} >
0.

For each initial value zy of (4) by Lemma 6.1 we find
an index k such that one component of z(k) is less that
€ while the other is greater than R. So without loss of
generality assume x1(k) > R and z2(k) < e.

Hence we find a point y > x(k), such that y € ¥''. By
Corollary 5.11 the proof is complete.

VII. EXPLOITING THE GRAPH STRUCTURE OF
MATRICES WITH ENTRIES IN (K U {0})

This section is devoted to the special case that I' is a
matrix with entries in (XU {0}). Of course, if every entry
of I' is bounded, then by Lemma 5.13 it follows that (4)
is 0-GAS.

So here we consider I' € (K U {0})™*", which will
lead to the satisfying result that if I' is irreducible, then I'
is nowhere increasing if and only if system (1) is 0-GAS
(Theorem 7.7).

If T is reducible we reformulate the problem in terms of
a diagonal robustness operator D. There exists a diagonal
robustness operator D such that Dol is nowhere increasing
if and only if there exists a diagonal robustness operator D
such that D o I defines a 0-GAS system (Theorem 7.10).

In later proofs in this section we will rely on the
following two facts:

Lemma 7.1: Let T’ € (Koo U {0})"*". Let Arx be the
adjacency matrix of I'* for k& € N. Then

(AR)ij 20 < (Arx)i; #0.

Lemma 7.2: Let I' € (Koo U {0})™*". Let o € Koo
fori =1,...,n, and define D = diag,,(aq,...,ay,). Let
P € {0,1}"*" be a permutation matrix and let 7 = P -
D € (Ks U {0})™*™. Then the graphs of I', D o T, and
I' o D coincide and the graph of T=!oT' o T is the graph
of the former maps with renumbered vertices.

The proofs are not difficult (just write down the respec-
tive maps explicitly) and left to the reader.

A. The irreducible case
Lemma 7.3: Let I € (Ko U{0})"*"™ be primitive and

I' # id. Then for any = € R"} the sequence {I'*(z)}ren
is bounded.
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Proof: Suppose there exists an x € R such that
limsup,_, o [T¥(z)|| = oo and T # id. Let {e;}iz1,.
denote the standard basis of R™. Since I' is primitive
there is a ko € N such that the graph G(I'*0) is fully
connected (i.e., any (i,5) € E(T*0) fori,j = 1,...,n),
see Lemma 7.1. Hence there exists a 7' € R, T' > 0, such
that for all t € R, ¢ > T, and some fixed i € N we have
IFo(t - e;) > x (recall, this means Pj(I*(t - e;)) > ;).
Since limsup ||T*(z)|| = oo there exists a k; € N and

index iq such that
P, (T% (2)) > T.
By monotonicity of I' we have
R o T™ (z) > max T (P (T (2)) - ;)
> TR (P, (T* () - e;,) > T*(T - e;,) > .

This contradicts I'* % id for all k¥ > 1 which is asserted
by Lemma 5.3. The proof is complete. [ ]

Remark 7.4 (coordinate change): By a change of coor-
dinates, using a permutation matrix P € {0,1}™*", it is
possible to rearrange the adjacency matrix A of I'. There
are two main cases:

Either A is irreducible, or it is not. In the latter case, A
is similar to an upper triangular block matrix of the form

A11 N All
s 0 A Agy
PAP" =A=| . . .
0 0 Ay
where all diagonal blocks A;;,7 =1,...,[ are irreducible

or zero.

Now let A be irreducible. By well known results (see,
e.g., [3, Chapter 2: Theorems 2.20, 2.30, 2.33],[4]) from
graph theory, either A is primitive, or there exists an integer
k > 1, such that A* is similar to a block diagonal matrix
with primitive blocks Bj, j = 1,...,1, i.e., there exists a
permutation matrix P, such that

PAFPT = diag;(By, ..., B). (10)
Lemma 7.5: A trajectory defined by (4) is unbounded
if and only if for any ko € N the sequence defined by

y(k+1) =T (y(k)), k€N, y(0) ==(0), (1)

is unbounded.
The easy proof is omitted.

Lemma 7.5 allows us to consider I'*° instead of ', when
we investigate boundedness of orbits of (4). Now we are
able to establish a consequence of Lemma 7.3:

Lemma 7.6: LetT' € (Koo U{0})™*™ be irreducible and
nowhere increasing. Then for any x € R’} the sequence
{T'*(x)}ren is bounded.

Proof: Let A be the adjacency matrix of I'" and
assume AF is similar to the right hand side form of (10)
for some k£ € N. Let I, j = 1,...,!, denote the indices



corresponding to B;. Since we have Pr,(I'*(z[;,)) <
Pr,(T*(x)) and each Py, (T'*(:|1,)) satisfies the premises
of Lemma 7.3, by Lemma 7.5 the problem reduces to [
parallel applications of Lemma 7.3. ]

Theorem 7.7: Let T’ € (Koo U {0})™*™ be irreducible.
Then ' # id if and only if system (4) is globally
asymptotically stable in 0.

Proof: <«: If ¥ is 0-GAS, then in particular each
trajectory is attracted to zero, hence Proposition 5.2 estab-
lishes " # id.

=: Zero is an equilibrium point and each trajectory of
the system is globally attracted to zero by Lemma 7.6 and
Lemma 5.4. Stability follows from Lemma 5.10. ]

B. The reducible case

Let I' € (Ks U {0})"*™ be reducible. Without loss
of generality, by Remark 7.4, we may assume that the
adjacency matrix of G = G(I) is

A Ap
A= [ 0 Ay’ (12)
where Ai; is irreducible, or equivalently stated
_T'11 T
o= [ o] 0

with I'y; an irreducible n; X n; matrix with entries of
class (K U {0}) and T'j2 and T'ao some ny X my and,
respectively, na X ny matrices with entries in (Koo U{0}).
Note that F11(81) z s1 and FQQ(SQ) z so for all s; €
R, s; # 0. For a fixed s(0) € R"} we recursively define
a sequence {s(k)}ren, by

s(k+1):=T(s(k)),k € Np. (14)
We also consider the projected sequences
si(k) := Pp,(s(k)), fori=1,2. (15)

This motivates the following statement.

Lemma 7.8: Let I' € (Ko U {0})™*™ be reducible
and of the form (13). Suppose that there exists a D =
diag,,(id + p), p € Koo, such that D o I' # id. Suppose
there are [ > 1 blocks on the diagonal, all irreducible and
the i*" block of dimension n;, i = 1,...,1, such that we
have n =n;+...4+n;.. Fori =1,...,1 — 1, we define
the sets Mi(sa) for s5 € Ri"+1+"'+7” by

M{(s2) := Mi(s2, D) = {51 e R} :

) >

1

, .
Then we have

1) for any sy € RT“’L“‘JF"I,sl,tl € R’ it holds that
S1 € M{:\(SQ) — s1+ 11 € M%(SQ),
2) for any sg,%5 € RT“JF'”JF”Z we have so >ty =—

MIE(SQ) C Mri‘(tg), and

P,,0oDoT oS, (51

Pr, 0T 0Sn 1 4n ([i
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3) ?1} = Uayzo Mi(s2) O Uyyno Mi(s2) O R\
0}.
Proof: The proof is straightforward and thus omitted.

|
Define a subsystem X5 of system (4) as the projected
dynamical system on R’}”:

Yot Ig(k + 1) = Pn2 (I(k + 1)) = FQQ(xQ(k))7 k € N.
(16)
Lemma 7.9: Let T' € (K U {0})™*™ be reducible. Let
D = diag,, (id+p) for some p € K. Assume that Dol %
id. Let I satisfy equation (13), such that I'y; is irreducible.
If system (4) is such that system (16) is globally attracted
to zero, then for system (4) the origin of R’} is GAS.
Proof: First note, that by our assumptions the system
Sg+1 = (D1 oTq1)(sk), k > 0, with initial value sq is
0-GAS, since D o I'y; ;7_4 id satisfies the premises of
Theorem 7.7.
Fix an initial value z(0) = (z1(0)7, 22(0)7)T. Fix some
a € R}, a > 0. By 3 of Lemma 7.8 there exists a ty €
R?,t5 > 0, such that

{z1(k) s 21(k) £ a} C My(t2).

Further, there exists a k1 € N, such that z2(k) < ¢, for all
k> k.

Hence, for k > k1 and x1(k) € a we have zq(k+1)
Dy oT'y1(z1(k)). Inductively, as long as z1(k + p) £
p=0,...,1—1,we get 1 (k+1) < (D1ol'11)!(z1(k)), so
at some point we arrive at an [ € N such that 21 (k+1) < a
(since D oI'1; is assumed to by 0-GAS).

Let Uy ={z e R}y 2z <a}, W={2z€ R} :2<
Pa, o T((aT,1)T)}.

Since D o I'1; is 0-GAS, there exists a bounded set
Wy D W: Dyol'y1(Ws) C Wa. Without loss of generality
Wy is such that x € W5 implies y € W5 forall 0 <y < z,
since y < z € I'(Ws) implies I'(y) < I'(z) € T'(W2) C
Wa.

Now if x1(k) € U,, then z1(k + 1) € W C Wj. There
remain two cases:

1) z1(k+1) € U,. Then z1(k+2) € W C Wh.
2) z1(k+1) € U,. Hence z1(k+1) € W C W,
and therefore we find z1(k + 1) € M{(¢2). Hence
Z‘l(k‘ + 2) < D, oFu(xl(k + 1)) e Ws.
It follows, that {z1(k)}ren is bounded. Now we apply

k—o0

Lemma 5.4 which gives us x;(k) —— 0. Since we

<
a?

already know that x5 (k) £, 0, we can deduce stability
from Lemma 5.10. This completes the proof. [ ]
The main result of this section is the following:
Theorem 7.10: Let I' € (Ko U {0})"*™. Then the
following are equivalent:
1) There exists a p € K such that for D = diag,, (id+
p) we have Do T # id.
2) There exists a p € K such that for D = diag,, (id+
p) the discrete dynamical system defined by

z(0) € R}, x(k+1) := Dol'(z(k)), k € No, (17)



is globally asymptotically stable in 0.
Proof: 1=2: First note, that by Lemma 4.2 we
can decompose D = D o D. We then apply Lemma 7.9
inductively.
2=-1: This follows by an application of Proposition 5.2
with I replaced by D oT. ]
In [4] an example was presented, that T" 2 id alone does
not imply that system (1) is 0-GAS.

VIII. APPLICATIONS TO LARGE-SCALE
INTERCONNECTIONS OF INPUT-TO-STATE STABLE
SYSTEMS

In [4] the authors showed that existence of a p € K,
such that for D = diag,, (id + p), the condition

DoT #id (18)

implies input-to-state stability (ISS) of a large scale N-
dimensional dynamical system. This large-scale system is
given by

Y: i=f(z,u), zcRY uecRY,

and can be decomposed into n smaller V;-dimensional
systems Y;, ¢ = 1,...,n, with N = N; 4+ ... + N,,
M = M; + ...+ M, given by

19)

) j:i:f('rla-"7xn7ui)7 (20)
v ,’EjERNj7j:1,...,TL, iER]Wi,
where ¢ = 1,...,n. Suppose each system X; satisfies

the standard assumptions for existence and uniqueness of
solutions and is forward-complete.

Assume that each X; fulfills the ISS condition: There
exists a function §; € ICL, and functions 7;;, a; € (Koo U
{0}), with ~;; = 0, such that for all z;(0) € RY: and
t € R, the estimate

|2 ()] < Billz:(0), ) + > i (1251 Lo fo.1)

i=1

+ai(lluill ocon)

ey

holds. Here I' is the nonlinear gain matrix, simply defined
by I = (745). The functions +;; and «; are called gains in
this context, hence the name.
Now by putting the results of the previous sections
together, we can state the main result of this section:
Theorem 8.1: Let T' € (Ko U {0})"*™. Then the
following are equivalent:

1) There exists a p € K such that for D = diag,, (id+
p) we have Do T % id.

2) There exists a p € K, such that for D = diag,, (id+
p) the discrete dynamical system defined by

z(0) € R}, x(k+1) := Dol'(x(k)), k € No, (22)

is globally asymptotically stable in 0.

Both imply ISS of the corresponding large-scale dynamical
system 3 defined by (19).
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Proof: The equivalence has already been proved in
Theorem 7.10. In [4] the authors proved that 1) implies
that ¥ is ISS. [ ]

This clarifies and establishes the role of the discrete
dynamical system associated with I" as a sufficient stability
criterion for the large-scale system X.

A. The equivalence of 0-GAS and D oT %# id for more
general monotone maps

In this section the graph structure associated to matrices
with entries in (K U {0}) played an important role. It
is possible to define such a graph also for more general
maps. For example, Angeli and Sontag define the signed
incidence graph of a monotone map in [2]. For matrices
with entries in (Ko, U {0}) this definition agrees with our
definition of Section III.

A natural question to ask is, if the equivalence stated in
Theorem 7.10 does hold for more general monotone maps
I', which also possess an embedded graph structure, like
the incidence graph of Angeli and Sontag.

The following example shows, that there are monotone
maps possessing an incidence graph, such that at least
assertion 1 of Lemma 7.8 does not hold:

Example 8.2: Let I : R3 — R? be given by

()\ -+ 82)51 + HUS2

(=5

52
The set of edges of the incidence graph is FE
{(1,1),(2,1),(2,2)}. For 0 < a < 1/A—1 and D
(1 + a)idgz we clearly have D oT' # id. Now look at
the set M(s2) as defined in Lemma 7.8 for so = 1 — A
We find that T';(s) = s1 + (1 — A) is less or equal to
(DoT);0(s1,0)T = (14 a)As; if and only if
p(1—A)

< .

TET (1 +a)
Thus s; € M(1—)) if and only if (23) holds. This clearly

violates property 1 of Lemma 7.8, which is an important
ingredient in the proof in Lemma 7.9.

],Ae}o,l[,u>0.

(23)

IX. CONCLUSIONS

For monotone maps I' on the positive orthant of R"
it has been shown that if the induced discrete dynamical
system is 0-GAS, the inequality I' # id must hold.
For the converse implication we have to make stronger
assumptions on I. For matrices with entries in (Koo U{0})
an equivalence relation was obtained.

Some questions remain open. It is unclear if for n > 2
there are n-dimensional extensions of Lemma 6.1. Also, is
it possible to restate the condition on I' in Proposition 6.3
in a way that is easier to check?
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